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Course Outlines

Course Code: Math 0541-2207 Semester End Credit: 03
Exam (SEE): 3 Hours CIE Marks: 90
SEE marks: 60

Course Learning Outcomes (CLO): After successful completion of the course students will be able to -

CLO1 Describe Matrices, Type of matrices, various operations of matrices, System of linear Equations and Different
applications.

CLO2 Apply the acquired concepts of Linear algebra and its applications in engineering.

CL O3 Define the basic terminology and theorems associated with Linear algebra and Complex Variables.

CLO4 Properties of Complex Numbers, Complex Functions, Related Mathematics and various theorems and it’s
applications.

Course Content Summary

SL. Content of Courses Hrs CLO’s

1 Matrix, its Operations and classifications, Symmetric and skew- 8 CLO1, CLO3
Symmetric  matrix and  related  theorems, Orthogonal,
Involutary and Idempotent matrices and related mathematics,
Determinant and Inverse Matrix.

2 System of Linear Equations, Matrix method for solving linear 10 CLO2, CLO3
system, Cramers rule for solving linear systems and solving
related problems, Rank of a matrix and eigenvalue, Cayley-
Hamilton theorem, Application of Linear Algebra in Engineering
and related mathematics.

3 Definition of complex number, Modulus and argument of complex 8 CLO3, CLO4
number, Polar Form of Complex Number, Related
Mathematics, Graphical Representation of Complex Number,
Circle and Ellipse related Problems, Analytic Function, Entire
Function, Singularity, different types of singularity.

4 Definition of Complex Integral, Cauchy Integral Formula for 8 CLOs3, CLO4
Derivatives, Finding Integration using CIF, Related Mathematics,
Harmonic Function, Finding harmonic Conjugate, Laurent's
Theorem, Residue, Cauchy Residue Theorem, CRT Related
mathematics.
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LECTURE-LINEAR ALGEBRA

e Week 1

* Topic: Matrix, its types and
operations

e Page no. (6-31)
e  Matrix

* A matrix is an array of numbers arranged in the form of rows and columns. The number of rows and columns
of a matrix are known as its dimensions which is given by m

« x n, where m and n represent the number of rows and columns respectively. Apart from basic mathematical
operations, there are certain elementary operations that can be performed on a matrix. The elementary operations
or transformation of a matrix are the operations performed on rows and columns of a matrix to transform the given
matrix into a different form to make the calculation simpler. In this article, we are going to learn three basic
elementary operations of matrix in detail with examples.

* Three Basic Elementary Operations of Matrix

* We know that elementary row operations are the operations that are performed on rows of a matrix. Similarly,
elementary column operations are the operations that are performed oncolumns of a matrix.

» The three basic elementary operations or transformation of a matrix are:

1. Interchange of any two rows or two columns.
2. Multiplication of row or column by a non-zero number.

3. Multiplication of row or column by a non-zero number and add the result to the other row or column.

»  Now, let us discuss these three basic elementary operations of a matrix in detail. pe. 7

* Case 1: Interchange of any Two Rows or Two Columns


https://byjus.com/maths/number-system/
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Properties
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Any 2 columns (or rows) of a matrix can be exchanged. If the it and j™ rows are exchanged, it is
shown by Ri <> R;j and if the i"" and j" columns are exchanged, it is shown by Ci < C;.

Case 2: Multiplication of Row or Column by a Non-zero Number

The elements of any row (or column) of a matrix can be multiplied by a non-zero number. So if
we multiply the i row of a matrix by a non-zero number k, symbolically it can be denoted by
Ri — kRi. Similarly, for column it is given by C; — kCi.

Case 3: Multiplication of Row or Column by a Non-zero Number and Add the Result to the Other

Row or Column

The elements of any row (or column) can be added with the corresponding elements of another
row (or column) which is multiplied by a non-zero number. So if we add the i"" row of a matrix to
the j™ row which is multiplied by a non-zero number k, symbolically it can be denoted by Rj —
Ri + kR;. Similarly, for column it is given by Ci — C; + kC;.

Types of Matrices
Various types of Matrices are:

1.Null Matrix: The matrix in which all the elements are zero is known as a null matrix or zero
matrix. Generally, it is denoted by “0’. Then, if aij = 0 for all the elements of i and j.

2. Triangular Matrix: The square matrix in which elements above or below the principal diagonal
are triangular matrix. If the elements above the principal diagonal are zero then it is a lower
triangular matrix and if the elements below the principal diagonal are zero it is an upper triangular
matrix.

3.Column_Matrix: The matrix which only has one column is known as a column matrix. The
order of the column matrix is always seen to be mx1.

4.Row Matrix: The matrix which only has one row is known as row matrix. The order of the
matrix is always seen to be 1Xn.

5.Horizontal Matrix: The matrix with both rows and columns in order of mxn is a horizontal
matrix. In the horizontal matrix number of columns needs to be greater than the number of rows
(n>m).

6.\ertical Matrix: The matrix with both rows and columns in order mxn is a vertical matrix. In
the vertical matrix Number of rows needs to be greater than the number of columns (m>n). pe. 32
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7.1dentity Matrix: When all the elements of the principal diagonal are 1 in a matrix then it is said
to be an identity matrix or unit matrix.

8.Diagonal Matrix: If all the elements in a square matrix are zero except the principal diagonal is
known as a diagonal matrix.

9.Symmetric Matrix: A square matrix which is aij=aji for all values of i and j is known as a
symmetric matrix.

Week 2:
Topics- Transpose, Symmetric and skew-symmetric
matrix Page no. (32-37)

Transpose matrix:

The new matrix obtained by interchanging the rows and columns of the original matrix is called as

the transpose of the matrix. If A = [a;j] be an m x n matrix, then the matrix obtained by interchanging the rows and
columns of A would be the transpose of A. It is denoted by A’ or (A).

In other words, if A= fLaij Tmen ,then A= rLaji Unxm-

For example,
i [ h d] [a k g
It A=ik b |\.ThenA=||h b f
lg & Jch ld 1 ¢l
Properties:

1) Transpose of Transpose of a Matrix

The transpose of the transpose of a matrix is the matrix itself: (AT)T = A. Verify that (AT)T = A.

2) Transpose of a Sum

The transpose of the sum of two matrices is equivalent to the sum of their transposes: (A + B)" =
AT +BT.

3) Transpose of a Product

The transpose of the product of two matrices is equivalent to the product of their transposes in
reversed order: (AB)T =BT AT". The same is true for the product of multiple matrices: (ABC)T =

C'BTA".
2 IR 2, 4
Question: Suppose A = (2 0 3),B=(4 0 3).Showthat (AB)T=BT AT
1 2385 il =il s
2 3 %M 1 284
Solution: Here A*-B=(2 0 3)(4 0 3)
1 V2SS el B= 10N
2+12+1 4+0—-1 8+9+3 15 3 20
=(24+0+3 4+0-3 8+0+9)=(5 1 17) pe. 33

1+8+5 2+0-5 4+6+15 14 -3 25
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Therefore, B=A + AT isa symmetric matrix.

NowletC = A — AT

Then CT=(A-—ANT =AT —(ANT=AT—-A=-(A4-AT)=-C

Therefore, C = A — AT is a skew-symmetric matrix. "
ps.
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3 0 5 5 | SEENS 8 -3 10 : |
Again the skew-symmetric matrix of Alis, _ E
1 4 5 s 3 0 -1 2 :
K=A-AT=(5 7,-8)4(4 7 0)=(1 0 -3) e
3750 NS 5 -3 5 -2 3 0
2 9 8 0  —1vge 2 8 10
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25+0

0 (0]
DR 1 0) =1

g0l 1
: : " ]
Since, A> = A.A=1,s0Ainan Involﬂto['y matrix.

Iderhpotent Matrix: A matrix Ais said to be Idefnpotent if 42 =A.

Question: Show that the following matrix is an Idempotent matrix.

Z 2 —4
B=(E 3 4)
1 =2 =4
20 -4
Solution: Given, B =( -1 3 4)

1 o D

PR R B
Now B2=B-B=( -1 3 4)( -1 3 4)
i =7 =3 g =

0+0+0
" 04+0+4+0 )
"He—% 0+0+1
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The inverse of a matrix

A B AB |:‘ ,

A_I. mbol

symbol

[1 2 3/ ,-3". R
. > i |

A A=11 3 31 (RS '

4 el

By 4“
Show B IS ’rhe ’rh |

.

ver'se of ma’rr'lx A.

Ans: Note that

Can you show the
details?

.'f ‘

f;”

i

f
{ W i

“ﬂt 0 08
' I

).

M
’
i
!
/
! i
f \
I 1
! I
I I
L I
\ /
\ /
' ’
bl F

- \J'

26
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Orthogonal matrix
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of 3x3 ord
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Questlon 5: Determlne the determinant of the matrices:

1+ 7Y B 1 3
T=(2 -3 3), A=i(-2 5 -2)
1.0 = B o
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INVERSE OF A MATRIX

Inverse of a 2 x 2 Matrix

The inverse of a 2 X 2 matrix A = [

_ d —b
A 1= 1 { .
detA |—C a

If the determinant is O, is undefined. So a
matrix with a determinant of O has no inverse. It is

called a singular matrix.



Find the inverse of the matrix if it is defined.

First, ch e determinant is nonzero.
4(1) - 2(3) =4 - 6 = -2. The determinant is -2,
so the matrix has an inverse.




Find the inverse of the matrix if it is defined.

The determinant is, [ 1 (.1 (—3) = ORSN-MEE

NO inverse. 4 3
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So,|4|=1.(0+1)—4.(6-2)+4.(-3—-0)=1-16—12 = —27 3 .
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Cofactors: ‘ 4 \ .
Ap=(0+1) =1 P
Ap=—(6-2)=—4

A3 =(-3-0)=-3

Ay =—(8+4)=-12

Ay =(2-8)=-6

Ay =—(-1-8)=9

Az1=(4-0)=14 pg. 59
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SYSTEMS OF LINEAR EQUATIONS

* You know that a system of linear equations can have exactly one solution,
infinitely many solutions, or no solution.

A System of Equations with a Unique Solution

If A is an invertible matrix, then the system of linear equations represented by

AX = B has a unique solution given by

X =A"'B.
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That is, you enter the n X N coe

~ The .‘?f ula X = 4-1B is used on most graphing ca
" ystems that haveinvertible cericient nai .

+

il
Lo AT
i i

€l 1F« ient matrix [A] and the
n x 1 column matrix [B]. The solution X is given by [A]"[B].

) N

%01 g5 08

[
i)
¥

' ‘a,{’”mmnm“

0



EXAMPLE 5 — SOLVING A SYSTEM OF EQUATIONS USING AN
INVERSE

2x + 3y +z= —1

3x+3y+z= 1

«  Use an inverse matrix tqUANE i 3V o SRl

. Begin by writin




EXAMPLE 5 - SOLUTION

* Finally, multiply B by A= on th
. X=AB
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: A =—(-1+6)=-5 . b \
Agz = (-1-9) = —10 I Sl
Ay =—-2+1)=-3
Ay =(-2-3)=-5
PRS0 1 6) = —4
Az1=(4-3)=1
Ay =—(-4—1)=5
A3 =(6+2) =38 pg. 67
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CRAMER’S RULE

* Not all systems have a definite solution. If
the determinant of the coefficient matrix is
zero, a solution cannot be found using
Cramer’s Rule because of division by zero.

* When the solution cannot be determined,
one of two conditions exists:

* The planes graphed by each equation are
parallel and there are no solutions.

* The three planes share one line (like three pages
of a book share the same spine) or represent the
same plane, in which case there are infinite
solutions.
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& ofa Mamx 5 .v
~ The maximum number o _rows in a matrix A is called the row rank of A, and the maximum

number of Imearly’ndepen t colum s called the column rank of A. If Ais an m by n matrix, that is, if
- Ahas mrows and n columns, then it is ob |6u , -
L) l ‘l "/
: : : y i‘ i JJ:
b .4 | .
- ' ] :
‘ : RawrankofA<sm , o) \ ,’
Columnrank of A < n} A !
" it

However, is that for any matrix A, the row rank of A = the column rank of A
Because of this fact, there is no reason to distinguish between row rank and column rank; the

common value is simply called the rank of the matrix. Therefore, if A'is m x n, it follows from
the inequalities in (1) that
rank( Apx,) < min(mn) - 2)

pg. 91
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ﬁ-Ai'é‘s'uéré matrix and sc an .
’det(A)F1(45'4-48)'-2(36-, 2)+3(32-85) , &

=3+12-9
=0 [

- pSop(A)# order of the matrix. i.e., p (A) # 3. i L
»Now, we will see whether we can find any non-zero minor of order 2.
»p=5-8=-3z0. '

* »So there exists a minor of order 2 (or 2 x 2) which is non-zero. So the rank of A, p (A) = 2.

>
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‘whether ther
en rank of

%’;
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 above step are zeros and then try


https://www.cuemath.com/algebra/properties-of-determinants/
https://www.cuemath.com/algebra/square-matrix/
https://www.cuemath.com/algebra/minor-of-matrix/

math

Convert the matrix into
Echelon form
(lower triangular or
upper triangular)

Then the rank of matrix
= humber of non-zero rows
in the matrix from last
step




2 -1 3

. ) il o il

Example-1: Find the rank of the matrix o - 1
Ll il 4J

Solution:

First, because the matrix is 4 X 3, its rank can be no greater than 3. Therefore, at least one of the

four rows will become a row of zeros. Perform the following row operations:

2 -1 3 1 0 1 1 0 1
1 o 1 A 9 _1 %3 ==2r 14T, 0 gk

ra=—Ty+y

e
P11 | 0 §2EHEg i Y1 |

1 M 1 1 4J @, 3

—
= O

Tl O il W o kit 10 1) 0. 1 7
0f—1 TR RIS = (0 Y .. 02 —1“
412 4 i 3 4 - 3
o« 2 —_d 0 ol ifo. oy (omaie Y|
0 1 3 0 Foaes 009 O 0 o oJ

Since there are 3 nonzero rows remaining in this echelon form of B, rank(B)=3

Example-2: Determine the rank of the following matrices.

1 (R

( (2 -2 -4
1 S |

C= P t—l 3 4

1 B 81
IR 3
L—l g

Express M as a linear combination of the matrices A, B and

ol L el )

Solution: Given,

pg. 96
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Week 8 By
- Topics: Eigenvalue and

Eigenvector Cayley
Hamilton Theorem

Page no (96-112)

Eigenvalue Definition

Eigenvalues are the special set of scalars associated with the system of linear equations. It is mostly
used in matrix equations. ‘Eigen’ is a German word that means ‘proper’ or ‘characteristic’.

pg. 97



Therefore, the term eigenvalue can be termed as characteristic value, characteristic root, proper
values or latent roots as well. In simple words, the eigenvalue is a scalar that is used to transform
the eigenvector. The basic equation is

AX = Ax
The number or scalar value “A” is an eigenvalue of A.

In Mathematics, an eigenvector corresponds to the real non zero eigenvalues which point in the
direction stretched by the transformation whereas eigenvalue is considered as a factor by which it
iIs stretched. In case, if the eigenvalue is negative, the direction of the transformation is negative.

For every real matrix, there is an eigenvalue. Sometimes it might be complex. The existence of
the eigenvalue for the complex matrices is equal to the fundamental theorem of algebra.

What are Eigenvectors?

Eigenvectors are the vectors (non-zero) that do not change the direction when any linear
transformation is applied. It changes by only a scalar factor. In a brief, we can say, if A is a linear
transformation from a vector space V and x is a vector in V, which is not a zero vector, then v is
an eigenvector of A if A(X) is a scalar multiple of x.

An Eigenspace of vector x consists of a set of all eigenvectors with the equivalent eigenvalue
collectively with the zero vector. Though, the zero vector is not an eigenvector.

Let us say A is an “n x n” matrix and A is an eigenvalue of matrix A, then X, a non-zero vector, is
called as eigenvector if it satisfies the given below expression;

AX = AX
X is an eigenvector of A corresponding to eigenvalue, A.

Note:

e There could be infinitely many Eigenvectors, corresponding to one eigenvalue.
o For distinct eigenvalues, the eigenvectors are linearly dependent.

pg. 98
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. You need to be familiar W|tj1 the work on matrices on FP1,
in partlcular you should know what is meant by an
invariant line. '



SOLVING SIMULTANEOUS EQUATIONS USING MATRICES,
EIGENVALUES & EIGENVECTORS, CAYLEY-HAMILTON THEOREM

When you have finished...
You should:

* Understand the meaning of eigenvalue and eigenvector, and be able to find
these for 2 x 2 or 3 x 3 matrices whenever this is possible.

* Understand the term characteristic equation of a 2 x 2 or 3 x 3 matrix.

* Be able to form the matrix of eigenvectors and use this to reduce a matrix to
diagonal form.

* Be able to find use the diagonal form to find powers of a 2 x 2 or 3 x 3 matrix.

* Understand that every 2 x 2 or 3 x 3 matrix satisfies its own characteristic
equation, and be able to use this.



RECAP: FP1 INVARIANT LINES

A reflection in two dimensions has a line of invariant points. In FP1 we learned how to find

_ _ _ x x
these by solving the matrix equation M

A line of invariant points is a special case of an invariant line, the points on which may

move but will stay on the same line. Examples are lines through the origin under an
enlargement with centre the origin.

An important result which should not be forgotten 1s that any transformation represented by a
matrix fixes the origin.

A transformation represented by a 2 x 2 matrix maps lines to lines

S "

The next concept we will consider is which
lines map onto themselves under a
transformation (represented by a matrix)




BEFORE WE START...

Terminology
If s is a non-zero vector such that Ms = ks
s is called an eigenvector of M. A 1s the corresponding eigenvalue.

| 1s an ergenvector of M = because M| |=35
1 1 3 1 1



BEFORE WE START...

Properties of eigenvectors
For a given eigenvalue, the eigenvector is not unique.

o g 7 2
i ; ; 2

E.g. 1s an eigenvector of M = because M =5
1 ) 1 3 1 1

4 2076 [30
But also =
1 B-J' 3 15

Under the transformation, the eigenvector is enlarged by a scale factor equal to its
eigenvalue,

The transformation does not change the direction of the eigenvector.

». =0 1s a possible eigenvalue.




BEFORE WE START...

Finding eigenvectors
We need to solve the equation Ms = As
to find s.
But Ms = As
Ms—2s=10
Ms - 2Is=10
(M—-A)s=0

If M — AI 1s non-singular, this equation has a solution
s=(M-D"'0=0

but we are seeking non-zero solutions for s.

For these to exist, we require M — AI to be singular.

— det(M - 2I)=10

This 1s called the characteristic equation of M.




EIGENVALUES AND EIGENVECTORS OF
A 2x2 MATRIX

Example

Find the eigenvalues and eigenvectors of the matrix M =

characteristic equation of M
det(M - A1) =0




For each eigenvalue ), find a corresponding eigenvector s by solving (M — AI)s = 0 for
non-zero s.




EIGENVALUES AND EIGENVECTORS OF
3x3 MATRICES

The theory is exactly the same for 3 = 3 matrices.

Example

2 -1

Find the eigenvalues and eigenvectors of the matrix M =/ 3 -3 27|
11 -1 7

Form the characteristic equation det(M — AI) = 0.
2—-4 -1
M-I =




det(M - AT) = (2 -

= 2-N02—4+6)+1(3L-6)+61=0
= H6M—11A+6=0
= P62 +110-6=0

%011 e the characteristic equation.
W —Gﬁ, +11A—-6=0

(A=DA=2)(L-3) =
eigenvalues are 1, 2 and 3.




For each eigenvalue A, find a corresponding eigenvector s by solving (M — AlI)s = 0 for
Nnon-zero s.
r=1
M-2Ds=0
1 -1 6
3 -4 27
1 -1 6

( 1 ) X—y+ 6z=10(0

(2) 3x— 4},.: +277z=1()

(3) X—y+ 6z=10

(H=0)

(1) <3 3x-3y+18z=0

-2 y-9z2=0=>y=9z
m(l)y,; x-9z+6z=0=x=3z

Let z=1 (why not?): x =3 and y = 9, so an eigenvector 1s | 9

|




A =2: an eigenvector 1s | 6

A = 3: an eigenvector 1s

For a 3 x 3 matrix, the characteristic equation is a cubic. This will always have at least one
real root so there will always be at least one real eigenvalue and associated invariant line.

The situation where we do not have three real distinct eigenvalues 1s beyond the
specification, but 1s explored in the example on p.109.




(useful to remember)

Sum of roots = Tr(M)
Product of roots = det(M)

a
Fora2 x 2 matrnix M =
b d

c
}, the characteristic equation 1s

detM - A =0=(a—M)(d-21)—bc=0
= - (a+d\+ad—bc=0
= 27— Tr(M)L + det(M) = 0

These properties also hold for » x n matrices.
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= (A -4)(A2-9+8)+6(-1-3+2)-6(-4-1+3)=0
= (A-4)(A*-1)-61—6+61L+6=0 "

=09 -1)=0 " '
: = (A-4)=0, (A*-1)=0

—=A=4, A=+ 1=+1
A=4-11

Y U
i

L
8 . -l-’
(8]
At
L

Therefore, the eigenvalues of Aare A =-1,1,4

(1

Exercise: Find the eigenvalue of the given matrix B = |LO
4
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Week 9
Topics: Application of Linear algebra

Page no (114-136)

1. Find Inverse of matrix using Cayley Hamilton method

311
A=1]-1 2 1
- 1 1

Solution:
To apply the Cayley-Hamilton theorem, we first determine the characteristic polynomial p(t) of the matrix A.
|4 - )
3-12) 1 1
=l -1 (2-9 1
1 1 (1-2)

=@-H)2-HxA-H-1xD-1(-D>xA-0)-1xD+1(-1)x1-2-H)x*x1)

=(3-t)((2-3t+t2)-1)~1((-l+t)-1)+1((-1)-(2-t))

=(3-t)(1-3t+r2)-1(-2+z)+1(-3+t)

=(3-10t+6t2-t3)-(-2+t)+(-3+t)

= -£+62-10t+2
pO)= - +62-10t+2

The Cayley-Hamilton theorem yields that
O=p(d)= -A>+64%-104+21
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n2r=A(4%- 64+ mf)

1

nq 1oz
5

(43-6A-+1oj)

Now, first we find 42 - 64 + 107

3x1+1x1+1x1
) x24+1x1 -1x1+2x1+1x1

x -1+1x1 1x1+1x2+1x1 Ix1+1x1+1x1

9-1+1 3+2+1 3+1+1
S3-2+1 -1+4+1 -1+2+1

3-1+1 1+2+1 1+1+1
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9+18 6+6 5+6
4.6 4+12 2+6
346 4+6 3+6

10x7=10 %

-9+10 0+0 -1+0

47 -6xA4+10x1=| - 4 2+0 -8+10 -4+0

-3+0 -2+0 -3+10

2

-1 . 2 :
Now, 4 " = — (4 - 64+ 107

-

Exercise: Find the characteristic equation of the following matrices and verify Cayley-Hamilton
theorem for it.

B

2, 2) (211)
Bl 0.c= M 48
| g —1_10J
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—4x,
2X, —3X, +2x

v

_ ut' 5X1 8X, 41'7 '

3.-‘:_‘.; ik Solutlon. The augr 9 d matrlx IS

¥

"
'
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—8’ ' 4 ‘s

the third equation, add

| —(5)
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b0
ird equa'flon.

il .':‘: " Lk ‘
R
"f:l.-l 0 5/

O
4 '

- The augmented matr.lx is now in triangular form. To
| mterpret it correctly, go back to equation notation.

~-~(7)

Sli
de
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0=5/2
0x, +0x, +0x, =5/2.

0=5/2 bl d
tisfy (7) be

»
cause

1

-y I
] Al
ol X5
‘.'". s

&
. 1 !v
o Nt i .

: 1|." -
¢ i “ ":'ginq'e (7 "( . |
original system |

i
P )
> same solution set, the
-,; 2y T , ¥
onsistent (i.e., has no solution).

Sli
de
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row. Write d

own the answer.

Itiplyi‘ng the 1t row by 2.
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¥
o

? /
| _ w”b |
” T W
,.'1;;"'"' zs an equatlbnz i o !

il
S o « gt :

ax, tax,+..+a =b

'|‘ 8 Y

i s
% here h )
'S it

ek Th ~arereal or

|
e usually known in advance.

0 a ¥ |

cOmpfexn mb |

» A system of linear eqqat’ons (or a linear system) isa

collection of one or more linear equations involving the |
same variables — say, x,,.... » X \

\@ 2012 Pearson Education, Inc. Slide 1.1- 124
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(51:52: %ﬂ ”H‘HH“

. quation a true i Ty 0 08
e values SN rew ey y
f respectlvely
fal p055|bl'e solut|d1$ is called the
set of the linear system
[
Two linear systems are called equivalent if thej/
’ ’i ave the same solution set. j ~|
' " .‘I
L \ f’
L] ' - v
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= Asystemo |nea e atlbhs is sald to be
~consistent if it has elther one solution or |nf|n|tely _
many solutions. f

= A system of linear equation is said to be :
inconsistent if it has no solution.

\@ 2012 Pearson Education, Inc. Slide 1.1- 126
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¥ thematrix '8 e

s called the coefficient matrix of the system.
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containing the
ions.

Ve
'

is called the augmented matrix.

Sli
de
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MATRIX SIZE

" The size of a matrix tells how many rows and
columns it has. If m and n are positive numbers,
an m n matrix is a rectangular array of
numbers with m rows and n columns. (The
number of rows always comes first.)

" The basic strategy for solving a linear system is
to replace one system with an equivalent
system (i.e., one with the same solution set)
that is easier to solve.

© 2012 Pearson Education, Inc. Slide 1.1- 129



X, —2X, +X,=0

2X, —8X, =8

—4x, +5X, + 9%, =-9 4o
N -

Wi

N

L . . &'. .
= Keepx;int on and eliminate it from
L ,‘t1"-1‘e. other equa tions. To ofo so, add 4 times equation
W to equation 3. CARBEEEE
f . 8 . 13 { [ :3

.l 'l" t ]
‘

.

L]
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= Now, multiply e"quatibh 2by  inorder to obtain 1
- as the coefficient for x,.
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= Use the x, in equation 2 *o eliminate the in
- equation 3. —
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X =2X%, + X, =0

{

| '.'l:lr‘l i
e —4X. =4 ..
| e .
ST E L
= Now, you want to eliminate the term from
- equation 1, but it is more efficient to use the x; term in
equation 3 first to eliminate the and x; terms in
- equations2and 1.
L
Sli
(0[]
© 2012 Pearson Education, Inc. i:
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*® Now, combine tha results
\ ,‘-‘-u ‘ L i

L

© 2012 Pearson Education, Inc.

or thes2 two operations.

Sli
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—2X,
L o ve sation 2, and use it to
el |m1n it. Because of the previous
L work with X3, there &5 no v no arithmetic isvolving x,
~ terms. Add 2 tlmec AC t|c>n 2 to eguation 1 and obtain
~ the system: ~‘q' 5

Sli
de

© 2012 Pearson Education, Inc.
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29) — 2(16) + (3) =

~

% Jf
s (@

l,} ;
q -

= The results agree with the right side of the |
original system, so (29 16,3) is a solution of the
system. ~

El (i
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Week 10

Page no (136-15

Complex Plane Complex Numbers?
(i,r)
{7? J (imaginary?, real)
_z2
o Ly Z2=7Z"+C
.
o ‘
2 ?( Z = complex point
L S

C = complex point

1.5 - 2xi e+ni
Algebraic 2\
A V2+H3 | x+iV2
1.7 - 2.8/
Transcen-

Imaginary part
ZNOY

o

—_— e
Real Algebraic
Rational

Wihofe Nutnbers
=1

Argand Diagram




Complex Numbers?

COMPLEX NUMBERS

(imaginary?, real)

Z=7%+C

Z = complex point

C = complex point

You can use both real and imaginary
numbers to solve equations

At GCSE level you met the Quadratic

ormula:
—b + Vb2 — 4ac
X =
2a

The part under the square root sign is

known as the 'discriminant’, and can be

used to determine how many solutions
the equation has:

b%? —4ac>0 —- 2realroots
b?—4ac=0 —- 1realroot
b?> —4ac <0 —- Orealroots

The problem is that we cannot square
root a negative number, hence the lack
of realroots in the 3rd case above

To solve these equations, we can use
the imaginary number ‘i’

i=v—1

The imaginary number 'i' can be
combined with real numbers to create
‘complex numbers'’

An example of a complex number
would be:

5+ 2i

Complex numbers can be added,
subtracted, multiplied and divided in
the same way you would with an
algebraic expression

1A



This sigh means
the positive —>
square root
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4 y ﬂl][ 0; 03 0
1€
. !
" “1 i y a ‘8
x+3=+/-16
= You can use one of two methods B = 34+ v-16
v for this BT - ¢
sl A x =—-3+V16V-1
(x ‘+ 3)2 . ’ % ‘* ! :
> Eithe Completirg the square’ o ' ‘ x=-3%4 ]
(x + 35:(3 4 otic formula 4 * :
x%-+6x+9 . . N n
| 1- q"'
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(4><1><25).

‘!L\/I " -
2
> You can use one of Two m

iy | for this Ik = 2 ;
: a=1 . P
) . _ i h y ‘ n ) ; ‘II
> Either ‘Comd?efiﬁb the square’ or oy 22ty f |
the Quadragie formula ; 2 "-. ."
‘ x=—3+4i \ |
" -
1A
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‘the same techniques :
=7 nl;g " .
'q. p ' b
(Al 4 - "l N ' A
. : iz = _1 . i l - “ , * 1,
You can also use the following rule to "i’ 7—=220)(1 +3i) /
simplify powers of it o : ‘,
! 1 :
' * J i
' . . = —7 —43i — 66(-1) \ i
=159 —43;
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Al ‘ a- bi T l\/g ‘
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(You just reverse the sign of the imaginar\‘ part!) L4 =1+iV5 g |
| |
' !
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The complex conjugate of z is written as z* ' ' Y
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L
= (2-7D)(2+70)

¢

o
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L

=44 140 — 14i — 4912

' |
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e
4

=4 —49(-1)

>7*=2+7i
' z +7i $ =53
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: ok Lt Bk .
~ With divisions you will need to write
it as a fraction, then multiply both

i *, § ’
the numerator and denominator by~ _ 20 —15i B
the complex conjugate of the ‘i 5 i
denominator LT | ".
e — 3 I

' .
L4
’ i y

(This is effecﬁvely the same as . " Y
rationalising when surds are involved!) : :



: S B .
~ With divisions you will need to write
it as a fraction, then multiply both
the numerator and denominator by ,

the complex conjugate of the ‘i 13 . |
denominator AP ‘J ( ".
ERRR2F 23 | |
.' ' T ek \ *'
(This is effectively the same as . 3 f,’
rationalising when surds are involved!) : :
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=X+

Complex Number: A complex number is defined by - , the symbol ‘z’ 1s called a

complex variable where X, y are real and 1 = V-1 xisthe real part and y is the imaginary part
of z.

Modules and argument of z:

(]

If =¥ +1 then the modules of Z s, |z| = yx2 + y?and argument of z is,

(Find the modules and argument of = =1-1

Modules of z, |z] = X2 +y2 =12+ (=1)2 =12

1
z)=tan™ (—i):tan(—l)z—ﬁ‘ =360° - 45" =315

OFind the modules and argument of z = i

: 14+ (1+0) (14 1+)? 142i-1 20 .
Given, z = ,-( ,)( ,)z( _)— ===
1-i (-0 (14) 12-i2 141 2

Modules of z, I*| = \/ P =04 =4l =1




sig (2) = tan " (%J

Argument of = ,
2+i
Z= s find modules and argument of z

240 (2+40) (2+0) _ (2+i)% _ 4+2.2.i+i% _
2—i  (2-1) (2+10) 2242 4+1

Modulesof z, |z| = (§)2+(§)2= gzﬁ=ﬁ:1

Argument, 6 = tan™?! (%) =tan™ ! (‘—;) = 53.13°

Given that, z =

Argument of |

Exercise: Find the modules and argument of the following:

X POLAR FORM OF A COMPLEX NUMBER

Writing a complex number in polar form involves the following conversion formulas:

. =rcosf
y=rsinf
R +y2

Making a direct substitution, we have

z=z+Yi
z=(rcosf) +i(rsinh)
z=r(cos@ + isinf)

where 7 is the modulus and 6 is the argument. We often use the abbreviation  cisé to represent r(cos 6 + isin ).
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Find the polar form of —4 4 41.
Solution

First, find the value of r.

Find the angle @ using the formula:

3
Thus, the solution is 4+/2 cis (%) ;

Week 11
Topics : Geometrical representations

Page no (157-159)

Examples: Describe geometrically the region of the following functions,

0] YARYA REY (i)  z+34z-3=10

Solution: (i) Given that,

If, , then pg. 158



Squaring both sides, we get,

which represents a circle of radius 4 and centre of (-5, 0)

(x+5y+y’ =4

(i) Given that,

pg. 159



Squaring both sides we get,

Again squaring both sides, we get,

which represents an ellipse passing through the points and

Exercise: Describe geometrically the region of the following functions

pg. 160



Week 12
Topics: Entire function, analytic function, Cauchy's
Integral Formula

Page no (160-168)

Definition of Analytic Function:

A function f(z) is said to be analytic at a point z if z is an interior point of some region where f(z)
is analytic. Hence the concept of analytic function at a point implies that the function is analytic
in some circle with center at this point.

Definition of Entire Function:

Entire Functions are related to the field of complex analysis, which is also called Integral
Function.
. Anentire function is a complex-valued function that is a complex differential in a

neighborhood of each point in a domain in a complex coordinate space, also known as

holomorphic on the whole complex plane.
. Every entire function can be represented as a power series.

Examples of Entire Function:

Polynomials and Exponential Functions are the entire functions as they are holomorphic on the
whole complex plane.

Cauchy's Integral Formula:

Let Is analytic inside and on the boundary of a simply connected closed curve C and IS

any point inside C. The

Where C is traversed in the positive sense.

Question: Evaluate Where C is the circle

pg. 161



G 1)(-

msmﬁz +cosmwz’ ; _msmnz +cosn:z msmﬂ:z +cos7rz
= z 1)

f(z)= sinzz’ +cosmz’

Ftr{‘{.””Humm

[ 1 EUI % 0
sinz’ +cosmz’ e - WL 0
m—l)d 27rz{s1n7r (1)2 +cosn(l)2} =2ri(sinz +cosm) = TR ,
Z 0 By il y il '.
sm:rz +cosmz? L “ %
ﬂ E 2751{31117:(2) +cosrc(2) } 27i(sin 47 - | (4
F.f
f \
. I' |
¥ | :
} I
: . \ f
Example: Evaluate , where C is the circle \ N
: i Tee V-
Solution: Here is an analytic function. So is analytic inside and on the circle
. Also : . The point lies inside the circle

Hence by Cauchy integral formula we have
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1 A B ) R
e e B SR UM CU R U

z=—]

T

3 ’l'l"
. : 1l o0,
(8 ) LY Y
2 RN - — i z+iJ . 7 Rl N A ",
z 1 elz 1 et:
mz—dz=—_ ——dz——[——dz 0 R
! 24 ot ch(z+z)
s
4 -.nfc(- by C
i, o
- el Oy 5 ‘ il =
S illhet | ! =0 micl . _ 27i;
R - ,
~ Substituting that<v§1|ue in (2), we get f o )
4s y f
p i B ) | ! |
" Loy ; |
= 4] |
' I I i
L I
L] N \ )
‘ -+ \ /
O Evaluate the following: ' L Y
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Cauchy-Riemann conditions
Analytic functions:
analytic
entire function

Cauchy-Riemann conditions for differentiability

f'(z)=£= lim f(z+Az)- 1 (2) L (i Af (2)
dz

- Az0 AZ Az—>0  AZ
S ]

] A I ! L 3 o
BT ~ Cauchy

~ = - Riemann
~conditions

[
a




(6u+ avjAX”{@uHavJAy (6u+|@ij+(—@+la—uI A
ar _ |imL(Z): lim OX oK %y i oX  OX oXx OX)

dz 420 Az 220 AX +I1AY 220 AX +IAY It :
ou l

ﬂ

- g
i Y Ax+ia L
(axﬂaxj( ) ol . _}(au Yy ey ey

0

= lim - =—+1— —| — 1 #o; 0 0%
Az>0 AX+ 1Ay OX I oy PR R,

More about Cauchy-Riemann conditions:
. verystrong _‘ (}ariable."-;.'
ROy gy ou_ ou . ov IS g A
X ox oy ay 5('Y)g o) ik

% 0 =Vu 1 /
y : /
" _{ . ks Y | y . / ‘
L I i f \
L ‘ _‘ L . Il |
I
\ — ! ‘1 ’J
. + \ I
| I \ i
. ..'! v
16
5

~d



Iff(2) is in a simply connected region R, [and f '(2)
IS continuous throughout this region, ] then for any closed path C in R, the contour

integral of f (z) around C is zero:

Proof using Stokes’ theorem:




\/

'
L]

Cauchy-Goursat proof: ; : '
/| B '

: /

Corollary: analytic N %

v +
3 - A / e
} " : Y

"!

Iy .
Wi !

j:f(z)dz=F(zz)—F(zl)=—j:f(z)dz o, m L
Contour de ormation theorem:
T four o a
. /through an analytic region Hl'wch |ng ‘
g theintegral :

'T\' “nails” Z,

¢

“rubber bands”
—_—

1) It applies to both open and closed co :f’ urs. : -t
- 2) One can even split closed contours.

Proof: Deform the contour bit by bit. :

Examples: iy v ' I /

1) Cauchy’s integral theorem. | |

(Let the contour shrink to a point.) | "

2) Cauchy’s integral formula.

(Let the contour shrink to a small

circle.)

v



Cauchy’s integral formula o
Cauchy’s integral formula: ‘
analytic

fi(z,) =

dz o8 1y

279 77, i f,ﬁwmnnnw‘
Proof ! " ERLIINTIR T
. ) b : ',“
AL R SILLC RN QL I gL FO
07 bl Rz L. Z Skl | v T
: iGN . 1 gl
IR 12) 1o+ iy SR s

Z /e 7 — 7, 2z~ re'’ & s

- '. .’-l L]

Can directly use the contour
deformation theorem.

. ] /
4 i
e I}
y /
v I \
v"' ; !
it 1 |
' 3 ‘1 I
!
’ » \ y
. 3 \ ;
' /
by
Al
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Week 13 & 14
Topics: Harmonic and
Conjugate harmonic

Page no (168-173)

Harmonic Function: Harmonic functions occur regularly and play an essential role in maths
and other domains like physics and engineering. In complex analysis, harmonic functions are
called the solutions of the Laplace equation. Every harmonic function is the real part of a
holomorphic function in an associated domain. In this article, you will learn the definition of
harmonic function, along with some fundamental properties.

Before learning about harmonic functions, let’s recall the definition of the Laplace equation.

An equation having the second-order partial derivatives of the form.

’f &f ‘
— 4 — L —= =)
dx? Oz’ Ox2

everywhere on U. This is usually written a

Vif=0

Question: Show that is a harmonic function and hence finds its

harmonic conjugate  if is analytic.

Solution: Given that

pg. 169
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i ay ol ay
=—6xy—6y=¢,(x,y).5ay BB (2)

x* =3xy” +3x% —-3y° +1
( )

2
Ou

..axz—%(3x2—3y2+6x)—6x+6 0E(3)

O’u. Nl : :
D28 6xy—6y)=—6x—6 B
> ay( 6xy—6y)=—6x-6 KU (4)

U 04 6x+6-6x-6=0 =>Vu=0 ly
ox- oy :

it
f'r,f !
%01 g5 0t

i

f (z) =u+iv )

0y (_Z,O) =3z +6 " ‘.j:- % ( : LA, ’ .
2 \ f ' ‘ d ‘ » :
' A (z)=¢1(z,0)—i¢2(z,0)=3z‘ ‘ b
|‘T n. : d : N s ' .
S E (372+6")dz=23+3’2+c +ic L2018 \
094, ~ ,where isacomplex constant.
s .
e ! 11
! |
L i: | I
. ‘\ fﬁ
. ) ¥ -
Equating imaginary part from both sides we get
Question: Show that is @ harmonic function and hence finds its
harmonic conjugate  if is analytic. o
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2 2 3 2
U=3xy+2x —y -2y

a” a ‘ 2 5 5 9
So—=—|(3x " y+2x =y =2y°
ox Ox ( K i . )

=6xy+4x=¢,(x,),say (1)

61" a > 2 2
== —(3x“y +2x° -y’ — 2.1»’“)
dy Oy

=3x* -3y’ —4y=¢,(x,y).5ay 0§ (2)

.
_Ou
ox’

=§(63@u+4x)=6y+4 EE (3)
e

2
.'.%=aiy(3x2—3y2—4y)=—6y—4 RE(4)

2 a2, ‘ ‘
o lf+c u =6y+4—-6x—4=0 =N =0 '
ox % Ol I
, " l, ...

l[ ‘j’ I(;n. b
‘ e :
,__,l s i ] ‘ . -
the U 'if(‘)_twﬂ is analytic. L&
. -;'- A v : " ' !
qtting i [ nd 51 h(z0)= “and
: 4 v "l, ‘_ g q! ik _1|
. 0 i . ' ) w ] | 2,0 l ]
By Milne’s methoq we have 1( {"J
’ ‘-' 2 . ! ., b ‘
So ;“ -, where is a complex constant.
L
4 Then i '
. I.
Equating imaginary part from both sides we get
&

o

il

.. u
%01 g5 s
L)
1 5,
3
’
i
£
i/
!
! \
! |
! |
I I
L I
\ /
\ /
* /
by
N
"
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3 5 2 i
u=x +6xy—-3xy -2y

f(z)=u+iv

3 2 2 ‘ 3
u=x +6x"y—3xy -2y

g—z =6_[jc(XS A 6)62}7—3)();2 —2}:3)

n

B

2 2 . ! Uor 0f 08 b
=3x> +12xy -3y = ¢, (x,y),say U (1) : <
ou 0 4 2 2 3 | =5 "
S—=—|x+6x"y-3xy° -2y S L e
| _ay( ) | g
g P —6xy—6y’ =¢,(x,y),5ay B (2)
0 i
f ' 2' ‘.. i : r ,
= (35 +12: —3y|2),=,6x+1ﬁ/ nE (3
Ik ; 1‘
va ! I
' ¥ I I
. Adding (3) and (4) we get, . \ ¢
Therefore, satisfies Laplace equation, so is a harmonic function. ) f
. ' S V
Let Dbe the harmonic conjugate of , so that is analytic.
Putting in (1) and (2), we get and
By Milne’s method we have
So , Where is a complex constant. 0. 172
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u+z’v=(1—21’)(35+iy)3 +¢ +ic,

u+iv= (x3 +3x°%1y +3xi%y? +i3y3)—2i(x3 +3x%iy + 3xi*y? +z’3y3)+c1 "5 (7

u+iv=x’+3x%y-3x° iy’ - 2ix’ —6x%°y - 6xi’y* = 2i*y’ + ¢, +ic,
u+iv=x" +3x%y-3xy° —iy’ = 2ix’ +6x°y +6i xy° =2y’ + ¢, +ic,

u+iv=x’+6x"y-3x° -2)" +¢ +i(3x2y—2x3 -y’ +6x° +cz)
v=3x"y-2x’ -y’ +6xy° +¢,

u=e*(xcosy—ysiny)

fz)=u+iv il

0k  .
. ' Wi i '
u=e"(xcosy— ysiny) : (S "]&‘ ' ,n;{‘..;”fmmmu
T M 05 03
- Y ] 1 )
[e*‘ (xcosy—ysiny):|:ex(xcosy—ysiny)+e’ cosy =6
|‘ ' .
= '
[e"(xcosy—ysiny):l=ex(—xsiny—siny—yco say W
" ) : /k ‘ , " ‘
f ke N
sin y)+e" cosyie"" COoS 1/ A
‘- -l.l' . - ¥ (o
3 r| ' 5 ' g f \
45 ) ‘ L i L |' 1
i I I
. Adding (3) and (4) we get, . \ ¢
B 4 \ :

Therefore,  satisfies Laplace equation, so is a harmonic function.

Let be the harmonic conjugate of |, so that is analytic.
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¢ (z.0)=€(z:1-0)+e’ 1=ze’ +&°  ¢,(z,0)

f'(z)=¢,(2z.0)-i¢,(2,0)=ze +¢°

utiv=(x+iy)e”” +c +ic,
u+iv=_(x+iy)e e’ +¢ +ic,
u+iv=_x+iy)e*(cosy+isiny)+c +ic,

u+iv=e" (xcosy+ixsiny+ iycosy—ysiny)+c1 +ic,

u+iv=e"(xcosy—ysiny)+ie*(xsiny+ycosy)

v=e" (x sin y+ycos J/) ¢, "T : ‘U

f'r,f N

i

I ;
] I‘
' ‘.
» ‘ ‘
ropics:
.l' " ™ “ i -
-’Iz'.. o~ N
ST TR i
'-‘. : pr ‘.vl ' ,'
. i 8 : o Lo A , : :
Question: Show that , Where C is the circle and '* =
\ . o Y L] ' 1
|
' .‘ ‘1 JI
. - X ) \\ ,’
Solution: Here the circle .The polesof are obtain by solving the equation ' ’,’
. : N
Both poles are double poles and lie inside the circle C, since and
Residue at is
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- iz iz
fim L e < Ve SO R
Siltdz| 7 (z=iY (z+i) | | (z+i)

(z +1‘)2 xitel SO
(Z+i)4

=lim

_2ite* —2¢"  2(it-1)e"
AT T
_(ie=1)e"  —(t+i)e"

—(t—i)e” e
4 ; DL

il

i Y .a,ﬂ u
N ,“I 0g 0%
g j 3 - 1 Y
5 'A' ' J 'IO
J | y
e’ : . _ (I+i) (1 —1)
m——ﬁ——zdz =2mi [sum of res:due] =-2mi ———
4 | - i
1 ( ) y -t l . :
. t(e”+e'“)+l,‘ Py W ‘ . .’
= —27i - o "
4 i ]
.
2fcost+ix2is
I = i :
| : e Fecl rﬂ 4 ' "l : ’,’
& ; ' 4tcos s+ 4% sin ’
: . 3 e i
L (A | I
' . . .‘! * L i | 1|
Rl Fy :
) ] ‘ JI
. 1 ’
\ /
‘ 4 \\ f
: |. e V
Question: Show that , Where C is the circle
Solution: Here the circle . The poles of are obtain by solving the equation
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i+3){—ie)—e (1-3i-1)e : ' ™ 1
=U(—z)=(_—-) - . n;{‘-{””HHHHm
(i+3) 1+6i+9 ot ] ST Y,

_ W g 0 !
_die _ Bie(4-3i) U
8+6i 2(4+3i)(4-3i) | I‘
—12ie+9i’e i
e R © R
e 2(16+9) L
e i —12ie-9e¢
1 ¥ -. .'- .:‘ -‘ '
ol .‘l" 2 ! - )
- Therefore, by Cauchy’
/1A . "' ' b :
i : i
l o' ‘i‘ ¢ ' ; F’,
¥ | |
' ‘ : |
: I \ f’
i 3 \ i
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Week 16
Topics: Laurent series

Page no (176-183)

for functions of a complex variable:
f(2) Z = 2, where z, is the nearest singular point.




Laurent expansion

f(2)=Ya(2-2,)"

@) 159

a, = n!
4103 < 0.

-

a, =—

1
27

§ f(z')dz

c (Z|_Zo)n+1

, ™ . I‘ - i v'
Although a, has a general contour integral form,
omplex algebra to find a,,.
R ;

; _fr,r{‘{.””“”””“n

ces to a Taylor series:
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Laurent expansion: Examples

Z3

iz)-—-

(2-1y

z° [(z-1)+1]° . (z—1)3+3(z—1)2+3(z—1)+1:

A A S ld Sl - , I “_'”Hmnm\w
(z-19  (z-1)f (z-1f & LIS

0 W + A . '0‘
1 :
i .'
72l ‘
18 101 K.
z4) 2ikz—i ZiEEE p
N sk R
rl 1-1 ‘. I'-I 4
'_‘ i J |f !.I ;’
- b ; . \
I f \
£ ‘ "_’ n: . Il |
\ . |
. ] ‘\ I
B + \ J,f
. Q‘ Y
17
9
7



Branch points and branch cuts

Singularities ) :.:.
Poles f(z)= > a,(z—-2)", ifa,=0 form<-n<0 and a_,

o f

Vs

a pole of order n

simple pole g .45 ,ﬂrrﬁ{mmnmm‘
essent LEWE g5 o i
“' j B A = ! . '0'
1e behavior of f(1/t)att=0.
Examples: { e
1 S 1 Ry NEE .
D) =—-(—-——-j=—- R v
Z IR i) 2i\z=i z+i) 21 Z il )|
i =4 f “ . ” B o N - ’ B
‘ l 74 2 . el 1
G “ el hasa
| E ! - 2 T ‘ *
tv“. o ) ‘f‘"ﬁ b ’ .',
' : : 1 G ) =il g :
LI '_‘E_“ 21 ‘ I' |
\ i \ ;
*sinz thus has an essential singularity at infinity. 1 f,’
/ I. \""Jf’
18
(0]
v



We can choose a branch cut fromz=-1toz =1 (or any
curve connecting these two points). The function will be
single-valued, because both points will be circled.

Alternatively, we can choose a branch cut which
connects each branch point to infinity. The function will
be single-valued, because neither points will be circled.

It is notable that these two choices result in different
functions. E.g., if , then




In Cartesian coordinates:

A straight line is mapped into a circle:




(@) 1<|d<3 (i) |4<1 L

/z) (z+1)(z+3) (z+1)(-1+3) (3+1)(z+3) 2(z+1) 2(2-'|-3)

ot

1 ) .
L<|z|SEEENEl and | |z|<3 = =<1 and S B J |
i i i g 3 M g,‘r{.{f“mnmm

(1)

f(z) Mg !
{ x g 1 "t‘
1<‘z|<3 :>iandu<1 ARk ‘
|Z| 3 o
e 1 1 | R 2 g
Tf @ 2(z+1) 2(z+3) 5 |
\ -.I,-_.v'- .:‘I : -L 1 . ' e 1
15 S8 .
- .' |
' i ‘1 i
L] \ I
. \ ,f
. I. v
We write in a manner so that the binomial expansion is valid for
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1 1

f(z):—_ )

2(z+1) 2(z

g1 2) !
14+z) ==l
ey =g{1e]

:%(1—z+z2 —z’+R )—é[l

s —l+L z° +K
2 162

5
i

0 B ;“;,”Hwnm\\
AT :
:

*
i)
¥

(i) l<|g<2 (ii) 0<l|z<1

Therefore, from (1) we have
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s - %‘
({4 L,

~d

=

f

(i) 0<|z|<1=>|z|<1. Adlso |7]<1 =|7<2 = E<1

2 5/3

f(z)1(z+3l)+_2[l_zj

2

< S Y
L (5 e 2
51+2) 6[ 2]
z

:l—g(l—z+zz—23+ )—é 1 2 2 LHElg
3 6 e 400

R (o 5 2 5., (2 JEEe
=[N |7 | —— = ze ] — S
ZEIEEN S 12 Sl 3 48

=_l+lz_zzz+223 +X
2 4 8 16

A
T Ad

\ ;_i '? o g
oNn- f.Azti]ef?; 'IH[).

Ll ’*

' = .

~ Solution: Given the partial differential equationis
' ' L f

o B ‘ t
"

*

The Lagrange auxiliary equatior;s of (1) are

o
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‘g,‘f{"”m|11m“

Inx+lny+lnz=Inc ’ ﬂ,‘qt 0% 08 0
= Inxyz =Ing, & ' e '
Y EEC] K (4) ' . ' .
i . ‘.
' , ‘ ‘
, where  being an
‘ 0’.
, ¢
— i ‘ ¥
DR o
. F i : . “. I- 1,,
4 . . 'b T.IfF o t | :
Question: Find the particular integrals of the following partial differential equation to represent : X
surface passing through the given Iines.‘ { ;
. 1\ f
Solution: Given the partial differential équatior‘ is B
; 3 -

And the line is

The Lagrange auxiliary equations of (1) are
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dz

MR (3)

lalyla o Lol NGRS
dz X y z i y Z
z(xz—yz) Y +z—x*—z4x S 0

x(y +z) 5 —y(x2 +z)

= 1 g
x y 2

Inx+Iny+Inz=1In¢
= Inxyz =Ing,
o K (4)

i
| ﬂ,!}[ 05 08 b
BN . & xdc+ydy—dz +ydy—dz

x(y2+z)_—y(x2+z)_z(xz—yz)_x2y2+x22—y2x2—y22—3f2 )
= xdx+ ydy —dz = 0 | B kL e

o

i)
¥

’ o rlr T ¢
By(2and(4),  and(5)implies

=

' Now, putting the values of and  from (4) and (5) in (6), we obtain \ ;

which is the requirle‘d solution.
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