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Course Outlines

Course Code: Math 0541-2101 Credit: 03
Semester End Exam (SEE): 3 Hours CIE Marks: 90
SEE marks: 60

Course Learning Outcomes (CLO): After successful completion of the course
students will be able to -

CLOL1 Define the basic terminology and theorems associated with Fourier
Analysis, Laplace Transformation and Linear algebra.

CLO2 Properties of Laplace and Inverse Laplace Transformation and Laplace
Transformation of derivatives, and Applications.

CL O3 Describe Fourier Series, Fourier Sine and Cosine Series, Orthogonal
Functions, Fourier Integrals.

CLO4 Matrices, Operations, Type of matrices, related theorems, and Different
applications.

CLOS5 Apply the acquired concepts of Fourier Analysis, Linear algebra, and
Laplace Transformation in engineering.

Course Content Summary

SL. | Content of Courses Hrs CLO’s
1 Definition of Laplace transformations, Some |12 CLO1, CLO2
important properties of Laplace

Transformations, and some related mathematics,
Laplace transformations of some elementary
functions, Laplace Transformation of 1st and 2nd
derivatives ~ and = general term . derivatives,
multiplication by t power n and ‘division by t,
Inverse Laplace transformations, Inverse
Laplace transformations of some elementary
functions, Inverse Laplace Transformation of 1st and
2nd derivatives and, Ordinary Differential
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Equations with  Constant - Coefficients, Related
Mathematics. Applications to electrical circuits, L-
R circuit related Problems.

Definition of Fourier series, Periodic Function,
Even and Odd Function, Piecewise Continuous
Functions, Dirichlet Conditions, Parsivals Identity,
Fourier Series, Some important properties of
Fourier series, Half range Fourier Sine or Cosine
Series, and Related mathematics, Convergence of
Fourier series, Definition of orthogonal Functions,
Orthogonality, Orthogonal series

CLO1, CLO3

Application -of Fourier ~series .in engineering,
Boundary value Problem, Laplace equation and
Related mathematics, Fourier integrals, Fourier
Transforms, Fourier sine and cosine Transforms,
Convolution  Theorem, Application- of Fourier
integrals, Related mathematics.

CLO3, CLO5

Matrix, its operations and classifications, related
theorems, Determinant  and Inverse Matrix,
System of Linear Equations, Matrix method for
solving linear system, Cramer’s rule for solving
linear systems and solving related problems,
Rank of a matrix and eigenvalue, Cayley-
Hamilton theorem,  Application of = Linear
Algebra in Engineering and related mathematics.

10

CLO4, CLO1




Course Plan Specifying content, CLO’s, Teaching Learning, and Assessment strategy
mapping with CLO’s
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Week

Topics

Teaching-
Learning
Strategy

Assessment
Strategy

Corresponding
CLO’s

Laplace
transformation
e Definition
e Notation
e Proof of formulas
of Laplace
Transformations

Lecture,
Discussion

Quiz

CLO1, CLO2

Some important
properties of Laplace
Transformations
e Linearity
property
e Change of scale
property
e Related
mathematics

Discussion,
Oral
Presentation

Written
Assignment

CLO1, CLO2

Multiplication by t
power n
Derivatives of Laplace
Transformation
e 1]stand 2
derivatives
e General term
derivatives
e Related
mathematics

Oral
Presentation

Oral
Presentation

CLO1, CLO2

Inverse Laplace
transformation

e Definition
) Notation Proof
of formulas of Laplace
Transformations

Group Work

Group
Assignment

CLO1, CLO2

Some important
properties of Inverse

Case Study

Presentation

CLO1, CLO2




51

Laplace
Transformations
e Linearity
property
e Change of scale
property
¢ Related
mathematics

Ordinary Differential

Equations with Constant

Coefficients
e |nitial and
boundary Value
problem
o Related
mathematics Quiz, Written
Assignment
Group Work CLO1, CLO2
Applications to
electrical circuits
e L-R circuit Oral
o Related Lecture, Presentation,
mathematics Discussion Quiz CLO5, CLO2
Fourier series
o Definition
e Periodic
Function
o Piecewise
function
e Odd and even
functions Discussion, Group
* Related Oral Assignment,
problems Presentation Quiz CLO3, CLO1
Some important Presentation,
properties of Fourier Oral Written
series Presentation Assignment CLOs3, CLO1




e Dirichlet
Conditions

e Parseval’s
Identity

e Theorems and
related
mathematics
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10

Fourier series of
different types of
function and Related
mathematics and
Orthogonality.

Oral
Presentation

Quiz,

Presentation

CLO3, CLO5

11

Half range Fourier Sine
or Cosine Series

e Definition

e Related

mathematics.

Fourier integrals,
Convolution Theorem,
and mathematics.

Group Work

Written
Assignment,
Oral
Presentation

CLOg3, CLOS

12

Matrix

e Definition

e its  operations

and

classifications.
Symmetric and skew-
Symmetric matrix

e Definition

¢ related theorems

Discussion,
Oral
Presentation

Group
Assignment,
Presentation

CLO4, CLO1

13

Symmetric and skew-
Symmetric matrix
o related
mathematical
problems
Orthogonal,
Involutary and
Idempotent matrices
e Definition

Discussion,
Oral
Presentation

Quiz, Group
Assignment

CLO4, CLO1
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related mathematics

14

Determinant and
Inverse Matrix
e Definition
e Methodology
e related
mathematics

Oral
Presentation

Written
Assignment,

Quiz

CLO4, CLO1

15

System  of  Linear
Equations
e Definition
o Methodology
o related
mathematics
Matrix method and
Cramer’s rule for
solving linear systems.
e Methodology
e related
mathematics

Lecture,
Discussion

Oral
Presentation,
Group
Assignment

CLO4, CLO1

16

Rank of a matrix and
eigenvalue
e Definition
e related theorems
e related
mathematical
problems

Practical Work

Presentation,

Quiz

CLO4, CLO1

17

Cayley- Hamilton
theorem

e theorem

o verification

e mathematical

problems

Application of Linear
Algebrain
Engineering

Reading
Assignment

Quiz,
Written
Assignment,
Oral
Presentation

CLO4, CLO1
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REFERENCE BOOKS

1. Laplace Transformations— Schaum’s Outline series.

2. Fourier Transformation- Schaum’s Outline series.

3. Laplace and Fourier Transformations- Prof. Dr. Abdur Rahman.
4. Linear Algebra- Prof. Dr. Abdur Rahman

5. Linear Algebra- Haward Anton.

6. Linear Algebra- Schaum’s Outline series

Assessment Pattern

CIE- Continuous Internal Evaluation (90 Marks)

Bloom’s Tests Assignments Quizzes Attendance
Category (45) (15) (15) (15)
Marks (out of 60)
Remember 05
Understand 05 05
Apply 10 05 05 15
Analyze 10 05 05
Evaluate 10 05
Create 05

SEE- Semester End Examination (60 Marks)

Bloom’s Category Test
Remember 10
Understand 10

Apply 10
Analyze 10
Evaluate 15

Create 5
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Week 1

Topics: Laplace
Transformation
Pages (8-10)

Laplace Transformation: Let F(t) be a function of t specified for t>0. Then the Laplace
Transform of F(t), denoted by L{F(t)} is define by

LIF)} = f(s) = je‘“F(t) dt ,where the parameter s is real.

Some formula of Laplace Transformation

n! 1
(i) L{t"} = Fr (ii) L{e%} = oo s>a

(iii) L{cos at} = s>0 (iv)L{sinat} =

s>0

s2+4 a2 s2 4 a2

Question: Prove that L{e*} = ﬁ s>a

Solution:
Let, F(t)=e"

By the definition of Laplace transformation, we know that

L{F(t)} = fe-“F (t) dt

So, L{e*} = j e sl dt
0
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0 0

©

e—(s—a)t | 1 7 2 1
= = (e*~e) =—, s>a
~(s-a)|,  —(s-a) s—a
Question: Prove that £{1} = % s>0
Solution:
Let, F(t)=1

By the definition of Laplace transformation, we know that

LIE(t)} = OjoestF (t) dt

So, L{e%} = je‘“.l dt
0

o0 e_StOO
:J‘efst d = =i(e‘°°—e°) :E, s>0
A ) L2 aS S

Y . » 1
Question: Prove that L{t} = i8>0

Solution:
Let, F(t)=t

By the definition of Laplace transformation, we know that

LIF(t)} = ifoestF (t) dt

So, L{t} = [e*.tdt
0
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:Te‘“t dt :tTe‘St dt—T{%Te‘S‘ dt} dt
0 0 0

0

gst ® o gst VSraks
=t —j{l. }dt:O—(i}e
-3 =5 ESPS-S
0 0 0
1. 1

Question: Prove that £{4 e%t} = &, s>a
Question: Prove that L{5} = % s>0

v, 2 - 3
Question: Prove that L{3t} = =,.5 >.0

Week 2
Topics: Properties of Laplace

Transformation Pages (10-14)

Linear property of Laplace theorem: If c;and czare any constants while F1(t) and
F2(t) are functions with Laplace transformations fi(s) and f(s) respectively, then

L{c1F1(t) + c2F2(0)} = c1L{IF1(0)} + 2 L{F(£)} = c1f1(s) + c2f 2(s)

is called the linear property of Laplace Transformations. The result is easily
extended for n terms as follows:

L{c1F1(t) + c2F5(t) + -+ + cpFp(8)}
= 1 L{F1(0)} + 2 L{F(D)} + -+ + cp L{Fx(£)}

Or,
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L{cif1(8) + caf 2(8) + - + cuf n(8)}
= c1L{f1(O)} + 2 L{f2(D} + =+ + . L{f (D)}

Questions-1: Find the Laplace transformation of 4e>t + 6t3 — 3 sin4t + 5 cos 2t

Solution: By linear property of Laplace transformations, we have
L{4e> + 6t3 — 3sin4t + 5 cos 2t}
= 4L{e°t} + 6.L{t3} — 3L{sin 4t} + 5L{cos 2t}

1 ! 4 4
=4(ﬁ)+6(s—4)_3(52_|_—42)+5(52-|-—22)

4 36 12 5s
s—5 st s2416 s2+4+4

Question-2: Find the Laplace transformation of ~ 3t* + 4e=3t — 2sin 5t +
3 cos 2t.

Solution: By linear property of Laplace transformations, we have
L{3t* + 4e73t — 2sin 5t + 3 cos 2t}
= 3L{t*} + 4L{e -3t} — 2L{sin 5t} + 3L{cos 2t}

! 5
=3(S—5)+4(m)—2(52+—52)+3(52+;22)

72 4 10 3s
s¥ s+3 s2+25 s2+4

Question: Find the Laplace transformation of the followings:
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(i) 7t* +5e°® —4sin 5t + 2cos 2t

(i) 3t +4e +3cos 4t —2sin 6t

(iii) 10t® —15e'* +12sint + 6 cos 6t
(iv)10sin10t —12t" —2cost +e™

(v)10t® —5e-" — 20sin 6t + 20 cos 7t
(vii)13e™® +6e +12t® +65sint+2cosot
(viii) 267> +7e* +t" —2sin8t + 7 cost

Change of scale or shifting property:

If {F(t)} = f(s),then L{e*F(t)} = f(s —a)

Questions: Find the Laplace transformation of the expressione=2t(3 cos 6t —
5 sin 6t).

Solution: We have = L{3 cos 6t — 5 sin 6t}

6
~ 3G 7 Gaae?
P38 30 3s—30

T B 4035 52936 A2 36

2 5 sin 1)) = S0 _ Lo
Then L{e~!(3 cos 6t — 5 sin 6t)} (s+2)2436  s2+45+40

Question-2: Find the Laplace transformation of

()e?t(3 cos 4t — 4 sin 4t) (i))e=*(6 sin 3t — 5 cos 3t)

Solution: (i) We have  L{3 cos4t — 4 sin 4t}

Lo Y Al
By i
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- 3s 20 _35—20
s2+16 s2+4+16 s2+16

3(s—2)—30. _ 3s5—6—-30

3s—6—3

Then L{e2t(3sin4t — 4 cos4t)} =

(i) We have  L{6 sin3t — 5 cos 3t}

3 s
=6(zx32 3 (Eia?)

¥ 18 5s _18—55
s2+9 s2+49 s2+9

Then £{€_4t(6 sin3t — 5 cos 3t)} _ 18-5(s+4) _ 18—55—-20

(s—2)2+36  s2—4s+4+36  s2—4s+40

—~(55+2)

(s+4)249 s24+165+16+9

Question: Find the Laplace transformation of the followings:

(i) 2e*(sin 4t), ™ cos 9t
(ii) e * (6t —7cost + 4sint)
(iii)e (6:5in 3t — 5cos 3t)
(iv)e ' (cos 2t + 2t?)

(v) e* (3t* + 2sin 7t + cos 5t)
(vi) e (4t + 3cost — 4sin 6t)
(vii) e* (7 cos 3t + 4sin 6t)

T s24+165+25
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Week 3
Topics: Laplace Transformation of derivatives

Pages (13-15)

Laplace Transformation of derivatives:

If {F(®)} = f(s),then L{F (1)} = sf(s) — F(0)
and L{F"()} = s2f(s) — sF(0) — F'(0)

Multiplication by powers of t:

If (F(D} = f(s) . then LIEFD} = (~1)" L £(s)

Question: Find L{t sinat}.

Solution: Since we know that,

L{sinat} =
s + a?
' = 111 d_ a
So, L{t sinat} = {(=1) }ds (52+a2)
2as
© (524 a?)?

Question: Find L{t?e?t} and L{t cosat}.



16 |

Week 4
Topics: Inverse Laplace
Transformation Pages (15-17)

Inverse Laplace Transformation: If the Laplace transformation of a function F(t)
is f(s), i.e L{F(t)} = f(s) , then F(t) is called the inverse Laplace transformation of
f(s), and we can write symbolically F(t) = L=Yf(s)}, where £=1 is called the
inverse Laplace operator.

Some formula of inverse Laplace Transformation

PR £ -1 at
DL o) £ = (L) =e
a
osol =4 L ] 245 . 3
(iii)L {Sz E az} = cos at (iv)L {SZ > az} = sinat

Linear property of inverse Laplace transformation: If ¢1and c; are any
constants while f1(s) and f2(s) are functions with Laplace transformations F(t) and
F2(t) respectively, then

L~Hc1f1(8) + c2f 2(8)} = ciL7H{f1(8)} + c2L7H{[f2(s)}

Is called the linear property of inverse Laplace transformation. And for n times we
can write,

L7Hc1f1(8) + cof 2(8) + o+ + cufn(5)}
= i LTHf 1)} + L7 Hf2(9)) + -+ L™ Hfw(5)}

LHc1f1(8) + cof2(s) + -+ + cnfn(5)}
= c1L7H{f1(8)} + 2L Hf2()} + o+ L Hf ()}
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Questions-1: Find the inverse Laplace transformation of the expression Sis +
4 3s 5

at
s—2  s2416 5244

Solution: - By linear property of Laplace transformations, we have

L—l{l 7 Sl Vi }
s s—2 s2+16 sz2+4+4
X ) i e e s
S Do o i~ R T ey {2+4}
AN Al o O on 22 e
= L Y AL () = 38 (4 S L )
1 5
= ﬁt4 + 4e2t — 3 cos4t + ESInZt
Question-2: Find the inverse Laplace transformation SZ;L4 + :3 > 528j9 ¥ 52+725

Solution: - By linear property of Laplace transformations, we have
5544 6 8s 7
+S—3_52+9+52+25}

LY 5

=% L7 1{_}+4L 1{_}+6L

—1
2+9}+ o325

S T 1
_gL 1{S3+1} 2451{4+1}+6{_} 8L {

-1
2+9} SL {52+25}

=Et3 +1t4 + 6 e3t —8C053t+zsin5t
6 6 5

Question: Find the Inverse Laplace transformation of the followings:



18 |

6 " 3+4s » 8—-6s
2s—3 9s® +16 16s%* +9
AN 4 3s 5
i) —+ + 1=
(i) $ s-2 %416 s*+4
58+4+ 6 M 8s : 7

s° s—3 §+9 §2+25
5 3 2s+5
V) —— &

( )s+4 s? +16
(V)s+10_ 4 . s+8
st s—6 s°+4

(1)

(iii)

Change of scale property:
If L=Yf(s)} = F(t) , then L7{f(s — a)} = e¥F(t)

6s—4

Questions: Find the inverse Laplace transformation of the expression A

§2—2.5.2+22+16 (s—2)2+16

Solution:  We have L1 {—%=*—
— 7 s2—45+20 }

2oL, }P2 A - )
(s —2)2+ 16 (s —2)2+ 16

= 6 €2t cos4t + 2 et sin 4t

Question-2: Find the inverse Laplace transformation
of (l) 4s—25 (ii) 6s—4

s2—65+34 s2—25+10

P D - =25/ 2 4s—12-13. § _ p—1 g4s=3)-13
Solliohe = WE lialal @l gt seh 7 & { gy s a4 {m
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(s=3) 13 A
o psls 5k {(5—3)2+52}

= £L740

1
= 4 e3t cos 5t — ?3 e3tsin 5t

Question: Find the Inverse Laplace transformation of the followings:

6s —10 ... 4s+12
(I)32—4S+ZO (")sz+83+16
...y 35—8 ( 25+4
("I)4s2 - 25 (v) s +2s+5

Week 5
Topics: Initial and boundary

Value problem Pages (18-20)

Question: Solve  Y'+Y =t, Y (0)=1, Y'(0)=-2.

Solution: Given that, Y”+Y =t

Taking the Laplace transformation on hoth sides of the differential equation and
using the given conditions, we have L{Y"} + L{Y'} = L{t}
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1
2

= s?y—sY(0)-Y'(0)+y= <

25 szy—s+2+y:sl2
3 1 § s-2
sP(s* +1) s*+1
1 1 S 2
— T —y + —

=y

Again taking Inverse Laplace Transformations, we have

}

-1 :Y: -1 l S ., 3
L7} 5 {sz+sz+l s? +1

Y =t + cost —3sint

Week 6
Topics: L-R Circuit problem
Pages (19-22)

Question: An inductor of 2 henrys, a resistor of 16 ohms and a capacitor of 0.02
farads are connected in series with an electromotive force (e.m.f) of 300 volts. At
t=0 the charge on the capacitor and current in the circuit is zero. Find the charge
and current at any timet > 0.

Solution: Let Q and I be the instantaneous charge and current respectively at time
t.
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(7)

Y
2h % — 02 fd
MWWWW
16 ohms
By Kirchhoff’s Laws, we have 23—1+16I + % =300 - @)
2
Since 1 =92 , S0 (1) becomes 29°Q ,169Q , 500 =300
dt dt? dt
d°Q ,89Q 4250 -150 ...... @)
dt” dt

with the initial conditions Q(0)=0, 1(0)=Q’(0)=0

Taking Laplace transformation in (2), we find

@2 . do
L{__— +8__+25Q} = L{150
(s + 8— 4250} = L{150)

150
S

= {$9-5Q(0)-Q/(0) }+8{53-Q(0) }+259 =

= s +8sq + 25q a1

S

= (s*+8s+25)q =80

S
22 ook
s((s* +8s+25)
b qzﬁ_M:§_6 S+4)+24
S $2+8s+25 s (S+4)2+9

6 _6(s+4) 24
S (s+4)y°+3 (s+4)’+3

=

il

Taking inverse Laplace transformation in (3), we get

o6 6(st4) 24
L1{q}_L1{§_(s+4)2+32_(s+4)2+32}
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~Q=6-6e"cos3t-8e*sin3t

The current of the circuit is

| = dd_? =24e* cos3t+32e*sin3t+18 e sin3t—24 e * cos3t =50 e * sin 3t

Question: An inductor of 3 henrys, a resistor of 30 ohms and an electromotive force
(e.m.f) of 150

volts. At t =0 the current in the circuit is zero. Find the current at any time, t>0.

Question: An inductor of 2 henrys, a resistor of 16 ohms and a capacitor of 0.02
farads are connected in series with an electromotive force (e.m.f) of 100 volts. At
t=0 the charge on the capacitor and current in the circuit is zero. Find the charge
and current at any timet > 0.
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Week 7
Topics: Fourier analysis

Pages (22-24)

Some Important Functions:

Periodic Functions:

A function f(x) is said to have a period P or to be periodic with periodic P if for all
X, f(x+P)=f(x), where P is a positive constant. The least value of P>0 is called the
least period or simply the period of f(x).

Ex1: The functions sinx and cosx has periods 2z, 4z, 67, ..... However, 2z is the
least period or periods of sinx and cosx.

Ex2: The period of tanx is m.

Ex.3: A costant has any positive number as a period.

Piecewise Continuous Functions:

A function f(x) is said to be piecewise continuous-in an interval (i) the interval can
be divided into a finite number of subintervals in each of which f(x) is continuous
and (i) the limits of f(x) as x approaches the endpoints of each subintervals are finite.

X, a0 A . g .
EX: f(x):|x|:{ PR 6 IS a piecewise continuous function.

Even and Odd Functions:

A function f(x) is called even function if f(-x)=f(x) and is called odd function if f(-
X)=-f(X).
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Ex: x2, x4, x®, cosx, secx are even functions.
Ex: x3, X2, X, sinx, tan3x are odd functions.

Fourier Series:

Let f(x) be defined in the interval (-L, L) and determined outside of this interval by
f(x+2L)=f(x), i.e. assume that f(x) has the period 2L. The fourier series or fourier
expansion corresponding to f(x) is defined to be

N X
f x~ acos—+b5|—
0025 )

Where the fourier coefficients ao, a, and by are

aO:E.T f (x)dx

-L

f (x)cos —dx 08 ..

L
=)
—L
1L
!
-L

f (x)sin —dx

Problems: Graph each of the following functions:

3 0<x<5 .
f = P d =10
(@) f(x) {_3 AR erio
sin x 0<Xx<m -
(b) f (x)_{0 U Period =2n
[O 0<x<?2
(c) f(x)=131 2<x<4 Period =6

0 4<x<6



Solution: (a)

’ -
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f(ax)

~— Period —»

=25 — 20 —1a —10 —5

—_—— - ———

0 1*! 5 10 15 20 25

—_— = = —_—— — = —

Since the period is 10, the portion of the graph in -5<x<5 which is indicated
heavily is extended periodically outside of the range which is indicated in dashed.
It is noted that f(x) is not defined at x=0, 5, -5, 10, -10, 15, -15, 20...These are the

discontinuous point of f(x).

(b)

[ a— —~ Period - =

Since the period is 2w, the portion of the graph in 0<x<2x which is indicated
heavily is extended periodically outside of the range which is indicated in dashed.
It is noted that f(x) is defined for all x, and is continuous everywhere.

©
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L L
=12 =10

Since the period is 6, the portion of the graph in 0<x<6 which is indicated heavily is
extended periodically outside of the range which is indicated in dashed. It is noted that f(x)

is defined for all x, and x=-2, 2, -4, 4, -8, 8 ..

Week 8
Topics: Graph of functions

Pages (25-27)

Problems:

.are the discontinuous point of f(x).s

Classify each of the following functions according as they are even, odd or neither

even nor odd.

0<x<3

2 ¥
f = P d=6
(a) @) {2 T erio
COS X 0<x<m
b f — 1 =
(b) T (x) {0 e Period =21
(c) f(X)=x(10-x),  0<x<10 Period =6

Solution:
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(@) The graphical representation of the given function is

From the above figure we can see that the function is symmetric about the origin.
So, it is seen from the figure that f(-x)=-f(x), Hence the function is odd.

(b) The graphical representation of the given function is as follows

|
|
1 f
F
r 4
F i
-
r
—y
K
'
’
’
| rJ
r
’l’
|
|
" R

From the above figure we can see that the function is neither even nor odd.

© The graphical representation of the given function is

flz)
-~
’ ~
s hY
N / \ /
AY s \ 25 '
\ / \ /

Ny \ / .

\T{ 0 | |

-10 5 10

From the above figure we can see that the function is symmetric about y-axis. So,
it is seen from the figure that f(-x)=f(x), Hence the function is even.
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Exercisel: Graph each of the following functions and classify them according as
they are even, odd or neither even nor odd.

0 2 ) = 4<x<0 .
(@) f (x)= {?8 s :;:4 Period =4 (b) f(x)= {XX 0<£Xx 4 Period =8
(c) f (x)=4x, 0<x<10 Period =10 (d)f (x)z{gx gngg Period =6
Week 9
Topics: Dirichlet condition, Parsival’s
Identity

Pages (28-32)

Dirichlet conditions for Fourier series
A set of Dirichlet conditions for the convergence of Fourier series are:
(1) a function "f" must be absolutely integrable over a period.

(2) a function "f" has bounded variation over one time period. The functions with bounded
variations can have

(i) at most a countably infinite number of maxima and minima, and

(i) at most a countably infinite number of finite discontinuities.

Dirichlet conditions for Fourier transform
A set of Dirichlet conditions for the convergence of Fourier transform are:
(1) a function "f" is absolutely integrable over the entire duration of time.

(2) a function "f* has bounded variation over the entire duration of time. The functions
with bounded variations can contain (i) at most a countably infinite
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number of maxima and minima, and (ii) at most a countably infinite number of
finite discontinuities.

Dirichlet conditions are sufficient but not necessary conditions.

Parseval’s _Identity:Let the Fourier series corresponding to f(x) converges

uniformly in'(-L,L), then the Parsival’s Identity is

15 2 T 2 2
E_[L{f(x)} dx:%o+;(an +b,?)

Where ag,an and b, are Fourier coefficients respectively.

Parseval’s ldentity:Let the Fourier series corresponding to f(x) converges

uniformly in (-L,L), then the Parsival’s Identity is

1¢ 2 ‘S 2 2
EIL{f(X)} dx:ZOJrnZ;(an +b,?)

Where ao,an and by are Fourier coefficients respectively.

Proof:

If f(x):%Jri(an cos”LLXmn sin ”LLX) ............ @

n=1

Then multiplying (1) by f(x) and integrating term by term from —L to L we get
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[{re0f =% | f(x)+§l|(anf f () co5 7+, f(x)sm m}
- LY (a2 +b?)
- 2 + nZ:l: n+ n

So, —j {(F(x)) =2 +Z(a +b?)
Where we have used the results

L

[ f(dx= La,, j f(x)cos_dx - La, j f () sin —dx LB, .....(2)
-L -L

Is obtained from the Fourier Coefficients.

Hence the Parsival’s identity is proved.

Problem: (a) Expand f(x)=x, 0<x<2 in a half range cosine series.(b) Write

Parsival’s Identity corresponding to the Fourier series of (a).(c) Determine fom (b)
LAY L
183 2t - 31

the sum S of the series

Solution:

(a) Extend the definition of the given function to that of the even function of period
4 which is shown in the below figure. This is sometimes called the even extension
of f(x). Then 2L=4, L=2.

Thus by=0,
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2 nm X nm X

> | dx= 2| f (x)cos 22 4y
X) COS ——

SF ) 2j 2

0 0

{0(2—2}(1)(—4_2}

2
If n=0, aozjxdx:Z

Then f (X) =1+ z (cos nm —1) cos anx
n’n’

n=1

AN %(cos 7%+ 1 oos3mX 1 onsdmXy
T

(b) From (a) we get,

4
L=2,a,=2,a, = nz—nz(cosnn -1),n=0;b, =0

Then Parseval’s identity becomes

1 2 1 2 22 e 16
Ej{f(x)} 2=§szdx :?+len4—n4(cosnn ~1)
=2 =2 n=
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i.e from which, S = Ty
90

Exercise5: (a) Expand f(x)=x, 0<x<2 in a half range sine series.(b) Write
Parsival’s Identity corresponding to the Fourier series of (a).
Exercise6: (a) Expand f(x)=x, 0<x<4 in a half range cosine series.(b) Write

Parsival’s ldentity corresponding to the Fourier series of (a).

Exercise?: (a) Expand f(x)=x, 0<x<4 in a half range sine series.(b) Write

Parsival’s Identity corresponding to the Fourier series of (a).

Orthogonality:

Orthogonality is a fundamental concept in Fourier series, which are used to break
down periodic functions into simpler terms:
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. Definition: Two functions are orthogonal on an interval if their inner
product is zero. The inner product is defined as the integral of the product of
the two functions over the interval:

b
(fl-fz):/ f1X) fr(x)dx =0 @

Orthogonal sets

A set of functions is orthogonal if any two functions in the set are orthogonal. For
example, the set of functions (1, cosx, cos2x, cos3x) is orthogonal in the interval

(-mt 7).

Week 10
Topics: Fourier Series Related mathematics

Pages (32-35)

Problem:

(a) Find the Fourier coefficients corresponding to the function

=19 250 perind10
13 0<x<5

(b) Write the corresponding Fourier series.

Solution: The graph of f(x) is as follows
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f(-t)l

—s - Period -

- - — S

(a) Period=2L=10 and L=5. Choose the interval ¢ to c+2L as -5 to 5, so that c=-5.
Then

c+2L

1 nmx,. 1 nmx
an_tl f(x)cosde—gj;f(x)cosde

:E” 0.cos X dx+ j3.cos ﬂdxg
5| 5 5 |

-5 0

5

:3jcosde=§(isin@j =0 if n#0

5 5 5(nt 5

0 0

132 3
If n=0, a, =a, :513.003 nn—éodx=gj3-dx=3
0 0

PR . nmx, 1% . nmx
b2 = _[ f (x)sin de_g_jsf(x)sm &

:lﬂ O.sinﬂdx+j3.sin @dxl|
5| 5 5 )

-5 0

°  3(1-cosnm)

=3jsinﬂdx=§[ 5 scos“”xj

5 5 5\ nr 5

0

(b) The corresponding Fourier series is
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fR) =243

aCOS— b,Sin X)
2 n:1 L

L

I’]TE—X+—SII‘I371:)(+:I'Sln5 ........ \
5 5 )

Si 1
5 3 5

(
=§ +§:(—3 (1-Cosnm)Sin n_gx)

2

Exercise2: Graph each of the following functions, find the Fourier coefficients
corresponding to the functions and its corresponding Fourier series.

: 0 -5<x<0 : 3 8 2<x<0 _

1)f(x)= Period =10 (ii)f (x)= Period =4

O {3 0<x<5 ! (1) {O O<x<2 I

0 -3<x<0 : : -2 B3<x<0 .

(i) f (x) = {4 9. A2 Period =6 (iv) f (x) = {2 e Period =6
-3 5<x<0 d 2 8 4<x<0 _

v) f(x)= Period =10 (vi)f (x)= Period =8

() F() {3 0<x<5 I () 169 {-8 O<x<4 I

Problem?2: Expand f(x)=x?, 0<x<2z, in a Fourier series if the period is 2.

Solution: The graph of f(x) with period 2= is as follows

flx)

T
—6 —d4x -2z

Period=2L=2x and L=z. Choosing c=0, we have
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lc+2 27:
o f()cosﬂ dx:_jf(x)cosnn dx
c 0
2n
_1 [/, sinnx —COS NXx —sin nx 4
_“T(X )( : )—(Zx)( - )+2( - )}0 :nz,n;to
If n=0, a,=a, = 1J;xdx—8n
T 3
c+2L nm X 211:
e | f ()sin —— dx—_szsinnn dx
2n
—4n

:i{(xz)[ cosnx) (2x )[ smnx) (co;nxj}

Then f (x) = x*=

41
—cosnx——sm nxj for 0< x <2x
n

Exercise3: Graph each of the following functions, and also find its corresponding

Fourier series.

() f(x)=2x*, 0< x<2n
(i) f(x)=ax?, 0< x < 2r, where a is any arbitrary constant.
(iii) f(x)=x%, O<x<m

Week 11

Topics: Half range Fourier Series and applications

Pages (35-38)

Half range Fourier sine or cosine Series:
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A half-range Fourier sine or cosine series is a series in which only sine terms or only
cosine terms are present, respectively. When a half-range series corresponding to a
given function is desired, the function is generally defined in the interval (0, L) and
then the function is specified as odd or even. In such case, we have

L
o _[ f (x)sin —dx for half - range sine series
0
L
t I (x)cos _dx for half - range cosine series
O

Problem3: Expand f(x)=x, 0<x<2, in a half range (a) sine series, (b) cosine series.

Solution:

(a) Extend the definition of the given function to that of the odd function of period
4 which is shown in the below figure. This is sometimes called the odd extension
of f(x). Then 2L=4, L=2.

Thus a,=0 and

nmXx X
b, __If(x)sm ’li dx—zjf(x)sm% dx

0

2

nex )

"2 )|

= —‘4 COS nmw

) 2-cosnmx ) g =
{( )L nt 2 J(l)knzn

00

-4 . hmX
Then f(X) = > — cos nw Sin ——
) nz:llnrc 2

4( X 1o 2mx 1. 3nX )
2

SiN ———=8in ===+ =sin ———.......
i 2 2 A J
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(b) Extend the definition of the given function to that of the even function of period
4 which is shown in the below figure. This is sometimes called the even extension
of f(x). Then 2L=4, L=2.

Thus br=0,

25 X 4y _ nmx
tJ’f(X)COS TR X = 2j'f(x)cos% dx
0

0

= {(X)(—nzn Il r;nx\f(l)(nz—:z cosnizx} ) 7

0

2
If n=0, aozjxdx:Z
0

> 4
Then f (x) =1+
(x) ;nzn

N X
>-(cosnm —1) cos o

1 3nx 1 51X )
COS —+ —COSE— T =—C0S & ..o
( D30 v 152 2 )

8
1-=

T

It should be noted that although both series of (a) and (b) represent f(x) in the
interval 0<x<2, the second series converge more rapidly.

Exercise 4: Expand the followings functions in a half range (a) sine series, (b)
cosine series.

(i) f.(x)=4x,  0<x<4
(i) f (x)=ax, 0<x<2: where ais any arbitrary constant.
(Hf(x)=x, 0<x<m

Application:

Problem: Solve the boundary value problem

ou 62

<7255 u(0,) =10, u(3,t)= 40, u(,0) =25, ux,t)|< M
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Solution: To solve the present problem assume that u(x,z)=v(x,t)+¢(x,t) where

@(x,t) IS t0 be suitably determined. In terms of v(x,t) the boundary value problem

becomes

%tv_ 222+2¢ '(x), v(0,) +¢(0) =10, V(3,t)+(3) =40, v(x,0)+$(x) = 25, (1) [ M

This can be simplified by choosing
¢"(x)=0, $(0)=3, ¢(3)=40

From which e can find ¢(x)=10x+10, o that the resulting boundary value problem

IS
gt" gz_‘;, V(0,t) =10, (3,1) = 40, v(x,0) = 15—10x

We can find the solution of this problem is in the form
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= . mmX
v(xt) = D" B e 2 sm%
m=1

The last condition yields

15-10x = 3B, sin X
m=1 3
From which

mm X

—OX& 2(cos mm —1)
3 mn

2.3 :
B, = !(15 ~10x)sin

Since u(x,t) = v(x,t) +d(x,t), we have finally

u(x,t)=10x+10+ iﬂ(cos mr <1)e 2=t gjn TEX
m-1 MT
as the required solution.
The term 10x+10 is the steady-state temperature, i.e. the temperature after a long

time has elapsed.



Week 12

Topic: Matrix and its operations
- Page no. (39-70) '

' Matrix ‘ |

A matrix is an array of numbers arranged in the form of rows and columns. The number of
rows and columns of a matrix are known as its dimensions which is given by m x n, where m and
n represent the number of rows and columns respectively. Apart from baS|c mathematical
| operatlons there are certain elementary operations

Operations

Maftri :
SULSE of matrices

41

Types of @ Properties
maftrices of maftrices
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: a; a a2
In the matrix A b
A 5 a21 a‘22 a2n

_aml am2 amn _

=numbers a; are called elements. First subscript
indicates the row; second subscript indicates
the column. The matrix consists of mn elements

=Tt is called "the m x n matrix A =[a;]" or simply
"the matrix A" if number of rows and columns
are understood.



Square matrices

;8 Ll aln_
*Whenm=n, i.e., ae> ap B
A=D
anl anz ann_

=Ais called a "square matrix of order n" or
“n-square matrix"

"elements a;;, @, as,..., a,; called diagonal
elements.

0 Zaii =y +Qy + .+ 8y |8 CCl“ed The trace Of A.
i1



Equal matrices

=Two matrices A = [a;] and B = [b;] are said to
be equal (A = B) iff each element of A is equal
to the corresponding element of B, i.e., a;= b;
forl<i<m,1<j<n.
=iff pronouns "if and only if"

if A=B, it implies a;=b;for 1<i<m,1<j<n;

if'a;=b;for 1<i<m,1<j<n,it implies A=B.



T BT S s W .
;.'w-»-;\" ~ '&? """:ﬁ"w .‘\". N
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)9“7*‘“"»; s
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Zero matrices

=Every element of a matrix is zero, it is called
a zero matrix, i.e.,




Sums of matrices

*If A=[a;] and B = [b;] are m x n matrices,
then A + B is defined as a matrix C = A+ B,

where C= [c;], ¢; =a; +b; forl<i<m,1<j<n.

AP e 3 2 T2s 5820
Example: if A—[O ] 4} dnd B_Ll ! 5]

Evaltate A+ Bdnd AZB.

R S e e W N

il :[3 5 ﬂ

o
Yokl S
{1 gl —1J 10

0+(=1) 142 4+5
21200 2023 03 (1]
10~ (1)~1-2" 4=5

A-B'=




Sums of matrices

= Two matrices of the same order are said to
be conformable for addition or subtraction.

=Two matrices of different orders cannot be
added or subtracted, e.qg,

Lodsol) 1371
1105 D oy e
14 7 6l

are NOT conformable for addition or
subtraction.

11



Scalar multiplication

=Let A be any scalar and A= [a;] is anm x n
matrix. Then AA=[Aa;] for 1<i<m,1<j<n,
i.e., each element in A is multiplied by A.

LRt S
Example: A{O : 4].Evalua‘re 3A.

gn_ 81 3x2 3x3} [3.6 9
L3><O Sl 3><4J' 03 lZJ

*Inparticular, i =~1,i.e.,-A=[-a;]. It's called
the negative of A. Note: A —A=0is a zero matrix



Properties

Matrices A, B and C are conformable,

A B B A (commutative law)
A+ (B+C) = (A+B)+C (associative law)

“)(A+B)= LA+ AB, where X is a scalar
(distributive law



Properties f’ cn

L o N R £ S O A W A i S e
Example: Prove A(A +B) = AA +

e 0 ..?;-Q ';7/‘*‘ 0 ..?;-Q ';7/‘*‘ " :
R B A R R AR
Yoo

ConsiderAc;= A (a;+ by) =Ag;+
B

Ab;, we have, .-i\ ;Q‘
o "1":?‘}-’.
O S T T T O ) T A e o o T B oy
BRSSP IS o S IS o S 7.%:5
| Byt

AC = AA +AB. O s

ijl

| L":
I N TR AEN, :;;C*?{@?ﬁff?ﬁﬁﬁ‘*?‘ '
X 4

"
Since AC = A(A +B), sO A(A +B) = N;a?

APl

g\.v‘a\_‘aﬂ;; ."- "’ ‘._‘Q,-_' T v b - ."- » ."V;'-\Q{': ."- » .
TR EC T | AT EC e TR T T | T S B Ll



Matrix multiplication
*If A=[a;] isam xp matrix and B=1[b;] is a
p x n matrix, then AB is defined as am xn
matrix C =AB, where C= [c;] with
C; :Zaikbkj :ailblj +ai2b2j +"'+aipbpj for' 1<1£ m, 1 Sj <n.

k=1

. 2
{23 |
Example: A:[o y 4} 2851223 and‘'C = AB.
Evaluate c;: (5.0l

RO
12" 2a-3
L A—M 3] C,, =0Xx(=1)+1x 2 +4x5=22

s 0l €




Matrix multiplication

-1 2]
153
Example: A:[o 7 4] o 3\,Evalua’reC:AB.
15 . Ol

(C, =1x(=1)+2x2+3x5=18

—1m 2]
[1 2 3] ; 3\ C, =1x242x343x0=8
= 3
0 PR = —
1 5 MJ 3 & 0RA= 1)1 X 24 x5 = 22

| G =0x241x34#4%0=3

229 =L 18 8
ST At {é 1 4} o Lzz 3}
|5 0l

16



Matrix multiplication

=In particular, Ais a 1 x m matrix and

Bisamx1lmatrix, i.e., by,
b

A=[a, @y, a,] B=| 7
b

| ml_|

then C = AB is a scalar.C => a,b, = auby, + apb,; +..+ ay,b,,;

k=1



Matrix multiplication
=BUT BA is a m x m matrix!

B b11 { i blla11 bllalz 4 bllalm
BA A b21 [a11 312 = alm ]___ b21:a11 b21a'12 : b21a1m
_bml R | _bmlall bm1a12 bmlalm A

=So AB #BA in general |



However

Properties

Matrices A, B and C are conformable,
«A(B + C)=AB+AC
*(A+B)C=AC+BC
=A(BC) = (AB) C
=AB #BA in general
*AB = 0 NOT necessarily imply A=0orB=0
*AB = AC NOT necessarily imply B=C



Pr'oper"rles

| Example Pr'ove A(B+C) AB-+AC where AB
“.and C.are n-square matrices

Let' X =B +:C; 80 X = hp+c,.-Let Y= AX; then

- n Ao g
Yii = Z Ay X = Z ay (by +Cy)
k=1 k=1
n . n n :
= Z(aik by + 2y Cy) = Z by + Z Ay Gy
k=l ¢ k=1 k=1 -

SoY =AB +AC; therefore, A(B#.C) = AB.+AC



=Tdentity matrix

=The inverse of a matrix
=The transpose of a matrix
=Symmetric matrix
=Orthogonal matrix



Identity matrix

A square matrix whose elements a; = 0, for

1> ] is called upper triangular, ie.,la, a,
fiee 2

22

0 0

A square matfrix whose elements a; =0, for
i <j is called lower triangular, i.e.,fa_ o

a a

21 22

nl n2




Identity matrix

*Both upper and lower Trlangular i.e.,a; =0, for

I¢J / le _all 0 0
g O Ay, ; 0
Pl A

is called a diagonal matrix, simply
D =diag[a;;, a5,...,a,,]



*In particular, a;; =a,=... =a,,= 1, the
matrix is called identity matrix.

"Properties: Al = [A=A

Examples of identity matrices: |B ﬂ and

'100]
010|

070 “1l]



The inverse of a matrix

«Tf matrices A and B such that AB=BA =1,
then B is called the inverse of A (symbol: A1);
and Ais called the inverse of B (symbol: B-1).

Example: A=)1"3-3)
110 2. 4|

hf " 2 3]
B =

"6 =2 3]
SRR S
=500 el

Show B .is-The theinverse of matrix A.

Ans: AB=BA=!
ns: Note that s

Can you show the
details?

1
0

10

9
0

oS - O

1l

26



The transpose of a matrix

=The matrix obtained by interchanging the
rows and columns of a matrix A is called the
transpose of A (write AT).

Example: Az[ﬁ E 2}

1 4
The transpose‘of Ads AT |2 51|
3" 6]
*For a matrix A= [a;], its Transpose AT= [b;],
Wher'e b'J — aji.




Symmetric matrix

=A matrix A such that AT = A is called symmetric,
.e., a;=a; foralliand j.

*A + AT must be symmetric. Why?

L& Q28
Example: ‘A=12- 4 -5} .is'symmetric.
3. 2576 |

=A matrix A such that AT = -A is called skew-
symmetric, i.e., a; = -a; for all i and j.

=A - AT must be skew-symmetric. Why?



Orthogonal matrix

*A matrix Ais called orthogonal if AAT=ATA=|,

l.e., AT=A1

4//3." 17./6
Example: prove that A=l1/+/3" 2216
orthogonal. (A3 ° 16

(1/\5 2B A3

=4
0 1S
1/\/5 I

Since, A= 16 - ~2/+/6.71/76 |."Hence, AAT :\ATA: l.

‘L—llﬁ Q- 1192

=

Can you show the
details?

We'll see that orthogonal matrix represents a

rotation in fact!



=(AB)! = B1A'
=(AN)T=Aand (AA)T=AAT
"(A+B)T = AT+ BT

*(AB)T = BT AT



Example: Prove (AB)1 = B-1A1L,
Since(AB) (B1A1)=A(BB1HA1=1and
(B-1A-1) (AB) = B1(A1AB =1.

Therefore, B1A-l s the inverse of mafrix
AB.
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Transpose matrix:
The new matrix obtained by interchanging the rows and columns of the original
matrix is called as the transpose of the matrix. If A = [a;j] be an m x n matrix, then

the obtained by interchanging the rows and columns of A would be the
transpose of A. It is denoted by A’ or (AT).
In other Jif A=[ja; 1| then A=[ja1] .
For example,
[a h d] la ki g
If A=l b1 Then A<lh
lg f cl ld 1 ¢l
Properties:

1) Transpose of Transpose of a Matrix

The transpose of the transpose of a matrix is the matrix itself: (AT)T = A. Verify that
(ANT =A.

2) Transpose of a Sum

The transpose of the sum of two matrices is equivalent to the sum of their
transposes: (A+ B)T=AT+ B'.

3) Transpose of a Product

The transpose of the of two matrices is equivalent to the product of their
transposes in reversed : (AB)T = BT AT. The same is true for the product of
multiple matrices: (ABC)" = C'BTAT.

2 3 1 152" 4
Question: Suppose A = (2 0 3) ,B=(4 0 3).Showthat (AB)"=
1 2 5 12173

BT AT

2203, o]l BT @
Solution: Here A-B=(2 0 3)(4 0 3)
1P 6275000 oo VA1 003


https://www.toppr.com/guides/maths/matrices/matrix/
https://www.toppr.com/guides/english/vocabulary/words/
https://www.toppr.com/guides/business-studies/marketing/product/
https://www.toppr.com/guides/quantitative-aptitude/number-series/order-and-ranking/
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2+12+1 4+0-1 8+9+3 15 3 20
=(240+3 4+0-3 8+0+9)=(5 1 17)
1+8+5 2+0-5 4+6+15 14 =3 25

15 5 14
Therefore, (AB) T=(3 1 -3)
20 17 25

2 21 1 4 1 15 5 14

BTAT=(3 0 2)(2 0 -1)=(3 1 -3)

1 3 5 4 3 3 20 17 25

So, (AB) T = BTAT (Showed)

2. 304 D (e Ol N Pl T
Exercise: f A=(2 0 3),B=(4 0 3),and C=(3 0 1)
275 1T o=1./73 2 _.<=12%2

i. Showthat (A-B)T=AT-BT
ii. Provethat (AB)"=BTAT
iii. Showthat (ABC)" = C™BTAT
iv.  Find the value of A%+ 3B —4C + 2I

2 3 1 2231
Solution: (iv) Now, A2 =A-A=(2 0 3):-(2 0 3)
I T2 285
4+6+1 6+0+2 2 +:9%5 11 8 16
=(44+0+3 64046 2+0+15)=(7 12 17)
24+4+4+5 340+10 1+6+25 11 13 32
A2 + 3B —4C + 21
11 8 16 1.2 2 -1 1 4 4 1 0 O
=(7 12 17)+3(4 . 0 3)=4(3 0 1)+2(0 1 0)
11 13 32 L. =h 8 Lasoil A 0 0 1
11 8 16 3 6 12 4 16 16 2 0 0

2CH 12T (A2 0" 590 (12 500, 2IREL0 /25®)
PLa2137,32 3 -39 8 —4 8 00 2
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11+3-4+2 8+6—-16+0 16+12—-16+0
=(74+12—-12+0 12+0—-0+2 174+9-4+4+0)
11+3-8+0 13—-3+4+0 32+9—-8+2

12 -2 12
=7 21477223
6 14 35
Week 13

Topics- Symmetric and skew-symmetric matrix
Orthogonal, Idempotent and

Involutary Matrix
Page no. (70-75)

Symmetric Matrix:
Asquare matrix ‘A’ is said to be symmetric if A=AT, that is, matrix A is said to be symmetric
if the A s equal to matrix Aitself.

Skew-Symmetric Matrix:

A souare matrix A is said to be skew-symmetric if a;; = a; (A=-AT) foralliand

J. In other words, we can say that matrix A is said to be skew-symmetric if transpose of matrix
A is equal to negative of matrix A. Note that all the main diagonal elements in the skew-
symmetric matrix are zero.

0 3 =5
Let’s take an example of amatrixA = (=3 0 —6)
5 6 0
0 -3 5 0 3 -5
ThenAT=(3 0 6)and—AT" =(=3 0 —6)=A. Therefore, A = —AT
-5 —6 0 5 6 0
Theorem-1: For any square matrix A with entries, A + AT isa

symmetric matrix and A - AT is a skew-symmetric matrix.


https://www.toppr.com/guides/maths/matrices/transpose-of-a-matrix/
https://www.toppr.com/guides/maths/matrices/transpose-of-a-matrix/
https://www.toppr.com/guides/maths/matrices/transpose-of-a-matrix/
https://www.toppr.com/guides/maths/matrices/transpose-of-a-matrix/
https://www.toppr.com/guides/maths/matrices/transpose-of-a-matrix/
https://www.toppr.com/guides/maths/squares-and-square-roots/
https://www.toppr.com/guides/maths/number-systems/laws-of-exponents-for-real-numbers/
https://www.toppr.com/guides/maths/number-systems/laws-of-exponents-for-real-numbers/
https://www.toppr.com/guides/maths/number-systems/laws-of-exponents-for-real-numbers/
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Proof: LetB = A + AT,
Then BT=(A+ A" T

= AT +(AD) T [ as(A + B)T = AT4BT ]
= AT +A [ as(ATT = 4 ]
=A+ AT =B

Therefore, B=A + AT is a symmetric matrix.
NowletC =4 — AT
Then (T = (A—AT)T = AT —(ANT =AT —A=—-(4—-AT) = —C

Therefore, C = A — AT is a skew-symmetric matrix.

Theorem-2: Any Square matrix can be expressed as the sum of a symmetric and a
skew-symmetric matrix.

Proof: LetA be a square matrix then, we can write

_2_A_A+AT+A—AT

Vg 2

A=l(a+A ) L(a-AT)=s 4K
> 2

A

From the Theorem 1, we know that (A+ A" ) isa symmetric matrix and (A-A")isa
skew-symmetric matrix. Since for any matrix A, (KA)T =k AT, it follows that

4 (A+AT) is a symmetric matrix and N (A-AT)is a skew-symmetric matrix.
2 2

Question-1: Show that the following matrix can be written as the sum of a
1 4 5

symmetric and a skew-symmetric matrix A=(5 7 -=3).
3 0 5
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1 4 5 o573
Solution: Given,A=(5 7. —3)then, AT=(4 7 0)
30 5 5.3 @5
Now, the symmetric matrix of A s,
1 4 5 1 5 3 2. 98
S=A+AT=(5 7 —-3)+(4 7 0)=(9 14 -=3)
30 5 54 —-3a 5 8 -3 10
Again the skew-symmetric matrix of A is,
1 4 5 d_a5".3 05 e =1"2
K=A-AT=(5 7 =-3)—(4 7 0)=(1 0 =3)
3 0 5 5.0—3".5 =27, 3» N0
2 9 8 0 =1 2 2 8 10
Now,S+K=(9 14 -3)+(1 0 =3)=(10 14 —6)
8 =3 10 -2 3 0 6 0 10
' 1 4 5
Thus ~(S+K)=(5 7 —3)=A, ie.Ad=1(S+K)
340 a2 5 7

So, A can be written as the sum of symmetric and skew-symmetric matrices.

Question-2: Show that the following matrix can be written as the sum of a
symmetric and a skew-symmetric matrix.

3 4 2 =227 9
P=(0 2 —-3)and Q=(4 -4 0)
1 2 1 =1a=/I5 =

Orthogonal Matrix:

A square matrix with real numbers or values is termed as an orthogonal matrix if its
transpose is equal to the inverse matrix of it. In other words, the product of a square
orthogonal matrix and its transpose will always give an identity matrix.

Suppose A is the square matrix with real values, of order n x n. Also, let ATis the
transpose matrix of A.

Then according to the definition:
If, AT = A=1condition is satisfied, then
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A-AT=A-A"1=]
Where “I” is the identity matrix of the ordern x n. A=1 is the inverse of matrix A and
‘n’ denotes the number of rows and columns. Then we will call A as the orthogonal
matrix.

Question-3: Show that the following matrix is the example of an orthogonal matrix

Sty 1)
P=§( A P
=2% e 2
TO/E2 M2 1IN 2 Car
Sqution:Given,P=§(2 2 1) then, PT=§(—2 2.1
—2 152 2.5 B2
120F=20. 2 1R 2=2
Now,PPT==§-§(2 20 PP) (22 P A
P ASST  Sy S T )

o LR a0 > 250d ok 2@ 202 947
= (0 B OB D et dogn 1A SN )

R Y T S o B AT

9 0 0 10 0
= 5(0 9 0)=(0 1 0)
0 0 9 0 01
Since, P.PT = I, so P is an Orthogonal matrix.

I

I

Question-4: Show that the following matrix is the example of an orthogonal matrix.

3a 2" 56
A= 7(—6 3 2)
2 6 -3
matrix:
A Matrix A is said to be if A2 =] where, | isan
Question: Show that the following matrix is an matrix.
-5 -8 0

A=( 3 5 0)
1 2(-2


https://mathinstructor.net/2012/03/example-of-involutory-matrix/
https://mathinstructor.net/2012/03/example-of-involutory-matrix/
https://mathinstructor.net/2012/02/types-of-matrices/
https://mathinstructor.net/2012/02/types-of-matrices/
https://mathinstructor.net/2012/02/types-of-matrices/
https://mathinstructor.net/2012/03/example-of-involutory-matrix/
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-5 -8 0
Solution: Given, A=( 3 5 0)
1 2R 2]

D@ =0 0 —5 28"
Now A2 =A.A=( 3 5 0).( 3 5 0)
1 2" otk 1 2 -1

25—24+0 40-40+0 0+0+0

=(-154+15+0 —24+25+0 0+0+0)

—5+6—1 28 11002 0+0+1
1 0 0
=(0 1 0)=I
0 0 1

Since, A?> = A.A = I, so Ain an Involutory matrix.

Matrix: A matrix A is said to be If A2 =A.
Question: Show that the following matrix is an matrix.
o =2 —4
B=( -1 3 4)
1 2 =3
2o 2 —4
Solution: Given, B =( -1 3 4)
1 =27 <3
2 =20 —4 2 =2 —4
Now B2=B:B=( -1 3 4) (-1 3 4)
1 —2» =3 1 —2m» =3

A+2—4 —4—-6+8 —8—8+12
=(=2-3+4 2+9-8 4+12-12)
2+42-3 —2—-6+6 —4—849

(B
=6 aP i o W) =B
a3

Since, B4 = B, so B inan Idempotent matrix.


https://mathinstructor.net/2012/03/example-of-idempotent-matrix/
https://mathinstructor.net/2012/03/example-of-idempotent-matrix/
https://mathinstructor.net/2012/03/example-of-idempotent-matrix/
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Week 14
Topics: Determinant,

Inverse Matrix
Page no (74-90)

Determinant:
Determinant in linear algebra is a useful value to provide the value of a square matrix. \\We

denote the determinant of any matrix A by det(A), or |A|.

Determinant Formula:
1. Letus take a matrix of order 1 x1 as: A=[2]
Then its determinant will be: det(A)=|A| =2

2. Let us take a matrix of 2x2 order as:

p q  _
A=l dIF[Z3 31=-12+10=-2

3. If the matrix is of 3x3 order :
p q T
B = (a b ¢
X y z
Then its determinant will be: Det(B)=|B|= p(bz — cy) — q(az — cx) + r(ay — bx)

Question-5: Determine the determinant of the matrices:

SR ) 1P 73
B2 (2 /850 B e £ L (A2 5N =23
ek e 0172 6

IT| = 1(9 =0) = (-2)(—=6—3) + (—4)(0+3) =9 —18 - 12 = —21

Al = 1(=30+2)— 1(12 + 6) + 3(=2 — 15) = —28 — 18 = 51 = —97



Determinant of order 2

Consider a2 x 2 matrix: A:{all alz}

a21 a22

=Determinant of A, denoted | Al, is a number

and can be evaluated by

ay Ay

| A |: = dy1dy; — a8y




Determinant of order 2
=easy to remember (for order 2 only)..

e
a'l

, 2
Example; Evaluate the deferminant: ‘13 4‘
:

= +dy; 8y, — dypdy

+

N E e,
3 4




The following
properties are true for
determinants of any
order.

1. If every element of a row (column) is zero, then
|AI=0

2. |AT|=|A] determinant of a matrix
= that of its transpose

3. |AB| = |A]|B]



Example: Show that the
defterminant of any
orfthogonal mairix is either +1
or-1.

For any orthogonal mairix, AAT

Since |AAT| = |A||AT| = T-and |AT| =
|Al, SO |A]2.=
1
or

|A] = £1.



For any 2x2 matrix A:F‘11 ""12}

a'21 a'22

Its inverse can be writtenas A'=1| % ‘am]

3 W |__a 21 Ay

Example: Find the inverse of A:rﬁ 2]

The determinant of Ais <2

Hence, the inverseof-A.is A e S

121/ 21

How to find an inverse for a 3x3 matrix?



of order 3

o W

;182
Consider an example: A=}4 5
7.8 9l

Lts determinant can be obtained by:

451612+912
708 |78 {45

co O1 DN
O O W

1
|Al= 4
:

—3(=3)-6(=6)+9(-3)=0

You'are encouraged-to find the-determinant
by using other rows or columns
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Inverse Matrix:

If A'is a square matrix of order m, and if there exists another square matrix B of the
same order m, such that AB = BA = I, then B is called the inverse matrix of A and it
is denoted by AL

2 3 2
For example, let A =(1 2) and B =(_ 2) be two matrices.

i

So. AB:(z 3y 2 a3y

e DR L)
i W S e W N
(o2 347G P!

Similarly BA = (2 Oy =1
0 1

Thus B is the inverse of A. In other words B = A1 and A is the inverse of B. ie. A=
B-l

Question: Find the inverse of the following matrix and show that A.A~1 =
AT A=,

1 4 4
A e | P B
AR %
) Tl
Solution: Given, A=(3 0 1)
& » 1w 2

SO, |Al=1.(0+1)—4.(6=-2)+4.(-3=0)=1-16—12 = =27

Cofactors:
A1=0+1D =1
A E=(6=2) =—4
Az =(=3=0)=-3
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Ay A Ay e i
A5, (257,8) 76
PRy L
Az = (4—0) =4
ADE aep o e 1
ol Sl L Eo

N N 5 4 R W R )
Now, Adj(A)=(=12 -6 9 ) =(-4 -6 11)

4 g o 22 D 00T 19
padai2f2 ool
So, A71 = ﬁAdj(A) =— (-4 -6 11)
A8 20 oy

AR AM e T2
2vpart: T AATl=AAT="2(3 0 1)(-4 =6 .11)
R, A el I e

’ 1-16—-12 -12-24+36 4+ 44 —48
=_—27( 3—0-3 -36—-0+9 12+0-12)
2+4—-6 —24+6+18 8—-11—-24

Do n B 0 1 0 0
=__27( Oy =27 m 02 P =00 ot 0=t
0 OB 0 0 1



Inverse of a 2 x 2 Matrix N

The inverse of a 2 x 2 matrix A = a 3} is
C
-1 _ 1 d —b
A= det A [—c a]'
g _/
If the determinant is O, is undefined. So a

matrix with a determinant of 0 has no inverse. It is

called a singular matrix.



Example 1: Finding the Inverse of a Matrix
Find the inverse of the matrix if it is defined.
4 3
2 1

First, check that the determinant is nonzero.
4(1) - 2(3) =4 - 6 = -2. The determinantis -2,
so the matrix has an inverse.

A=

1
4 3 - ——
The inverse of A = [ ] is A" = —l[ 1 3] =| 2

N | W




Example 2: Finding the Inverse of a Matrix

Find the inverse of the matrix if it is defined.
4 3

11
3 4]

The determinant is, 4[1] - [—l](—3) =0, so B has
no inverse. 4 3



o~ 20 3
Cofactor matrix of A=|0 4 51
D {f1s-2 6]

The cofactor for each element of matrix A:

4.08 0785 D
a2y SR Siad Lo d et
ATl 9o A s Al
2”3 1728 12
= La1? = =% =" =
Ba=tn A ‘1 6‘ A ‘1 O‘
23 Yo 3 129



by:

Cofactor matrix of A=
0 |1
2 A g |
~12 3 5
AR o & e

-, 2
0 4 51 is then given

61|



A™ 243

Inverse matrix of A=)0 4 51 is given by:

A_:L:— —12 3 2 gt -

1
|A

0 fl1 6l

R mn sy [24
e
| -4

22

|L—2 -5 4 |

—| 5/22
1—2/14

—12
3
2

-12/11. " —6/11 ~ —1/11 |
3/22

1/11

_9]
2]
4 |

-5/22|
211 |
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1 -1 4
Question: IfP=(—4 —6 1), then find P~1and show that PP~1 = |
S Y P

Week 15

Topics: System of Linear -Equations ,
Matrix Method, Cramer’s Rule

Page no (90-115)

Solving system of linear equations using matrix method:
Suppose, a system of linear equations are,

aix + azy + azz = d1

b1X + bzy + bgz — d2

c1x + ¢y + 3z = dj

We can write thisas AX =b.... ... ...... ....(1), where
a a; as b dq
A= (b1 bz b3), X=(y)andb = (d;)
cir C (3 Z d3
From (1) we can write, X = A~ L b................ (2).

Question-1: Solve the following system of linear equations using matrix method.
2x—=2y+z =1
x+3y—2z =1
3X—=Y L7 =A=2

Given system of equations can be writtenas AX = b ...... (2), where
7 R A X 1
A=((1 3 =-2),X=((y) andb=(1)
3.2l -1 Z R

From (2) we can write X = A=1h ........... 3)
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Now, |4] =2(=3=2) +2(=1+6) + 1(-1— 9) = —10

Cofactors:

A= (28— 2)=2-5
A= (=14 6) =—5
Az =(=1-9)=-10
A2 — (24 = €3
2202 (-2 13) = €5
Ay == (=2F 6) =24
Asi=(4-3)=1

Ay ==(=4-=1)=5
A3 =(6+2)=38

—G5A DAL a7 5/A " 3.1,
So;AdjA=(~3""=5 —4) < ( =25 —5 .5)
1 5 8 -10 —4 8
So,A"! = —.Adj(A) =——( =5 -5 5)
4] 0 02 s
y -5 -3 1 1 . —-5—-3-2
From (3) we get, X'= —( <57 —=5 5) (1) ===("-5=5-10) =
—-10 —4 8 =2 —10—-4—-16
. —10 1
—(=20) =(2)
—30 3

Solutionof thesystem x =1, y=2, z=3
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Question-2: Solve the following system of linear equations using matrix method.

X+2y+2=3 X=2y+32=7
(i) 2x+3y+z2=4 (ii) 2X+y=7=1
X—-y—-z=4 X—y-—2=-6

Cramer’s rule:

Suppose, a system of linear equations are,
a1 x + azy + azz = dy
b1X 1. bzy + b3Z = d2
C1X + Cy + C3Z2 = dg

We can write thisas AX = b ....... ... ....... (1), where
a; ap; .as X dl
A= (b1 by b3),X=(y)andb = (d3)
€1 €2 C3 Z dg
d1 a, das a d1 as a; Qa
Now Y- (dz b, bg), Ay = (bl d; bg) i = (bl b,
d3 Cr C3 C1 d3 C3 1 C

4 : A
According to Cramer’s rule, x = %,y = Lllll = %,
A A A






Infroduction

Cramer’s Rule is @
method for solving
linear simultaneous
eqguations. It makes
use of determinants
and so a knowledge
of these Is necessary
before proceeding.

Cramer's Rule relies on
determinants



You can use determinants to’solve
a system of linear. equations.

You use the coefficient matrix of
the linear system.

Linear System

ax+by=e
cx+dy=f

Coeff Matrix




Let A be the coefficient matrix

Linear System Coeft Matrix
ax+tby=e a8 =ad —bc
cx+dy=tf %

If det&A -~ 0, then the system has exacily one
solution:
e b a €

f d et
~ det A y—detA

X




The denominator consists of the
coefficients of-variables (x in the
first column, and y.in the second
column).

The'numeratoris the same as the
denominator, with the constants
replacing the coefficients of the

variable forwhich you are solving.



Solve the system:
BX+oy= 2
2x-4y=-10

2o B Dy R TR el 2
The coefﬂaen{gwgﬂx S: ‘2 _4‘—( 32) - (1@ ren2




Dno
10 A e 82 (a50) 0 40

Roes i A
42 AT et
8 2
2 -10 -80-4 -84
y: — :—:2
DA T LMD o)

Solution: (-1,2)



*m

o 2

{2X_3y =-16

3x+5y=14
Ak
8 S o LW A ) AT
__16 —3_ 16)(5 3)(14) =-80+42=-38
Bral ) 52 = (-16)(5) - (-3)(14) = -80+42=—

16
3. 004 ‘ =(2)14) - (3)(-16)=28+48=76




expanding

(little 2x2

determinants)
g

e e Y

2 0 3>—(1)O : (3)2 3+(2)2 :
e ST A R 193 (.

= (D(-6) —)3) +(-2)(4)
26029 282293



Consider the following set of linear equations

A Xy T a5 K, + X = bl
Ay X T 85X, +Ay3X3 = bz
Ay Xy + gy Xy + Az Xy = bs



The system of equations above can be
written in a matrix form as:

Gy 2" Bt gt 1Ky ),

dyy 8y Ay || X [T 0,

a‘31 a'32 a33 X3 O3



Define _5‘11 g

[A]: Ay 8y dy
a

| 31 a32 a33

_Xl_ _bl
[x]=|x, | and [B]={b,
_X3_ _b3

If D =0, then the system has a unique solution
as shown below (Cramer's Rule).
D D D

Y ENe3
R o =

Xt s
% D’ D D




where

Ay, - O
a12 a22
Gy - gy

a, b
a12 b2
a13 b3

A

a3

A3

Ass

!
A,
a3

A,
a22

Ay

as
a23




Consider the following equations:
2%, —4X, +5X, =36
—3X, +9X, + Xy, =7
oX, +3X, —8X, =31
[Allx]=[B]
where
S Sy Per
[A]=|-3 5 7
5m: 3" =8




=—-336

7

5

[x]=|x, | and [B]=

S
7

4
5

36

=—672



2 36 5
=|=3° 7 7|=1008
5 -31 -8
2 —4 36
-3 5 7|=-1344
5 3 -31
2,678 o
D —336
- D, 1008
D -336
Qs e

Pa. 2 =G86 a2



Consider the 3 -equation system below with
variables x, y and z:

ax+by+cz=C,
a,x+b,y+c,z=0C,
ax+by+ciz=0C,



The formulae for the values of x, y and z are
shown below. Notice that all three have
the same denominator.

ar - a0 50
Cl bl C a, Cl ¢ 1 1 1
a, b, C
C2 b2 C, as2 o Cyin ;s 2 2 2
a. b, C
@ X a,. b, ¢ a, b ¢
2N o o) 1 1 1
a, b, c
Qm » Dyn AC, PR - R 2 2 2
ad./a ¢
a, b, c; B 2D 3 3 3




Solve the system :
=9

X+ 2y -27
X +y - 47
3.9 1
I 28 2
P PR
2 phuio NS\ Tl
N Yo Yy,
| Oy




ST R

I\ e

Yo -aale a2 0
B s, AP 223
| Gl S

los b o4

The solution Is
(1, -3, 0)




Not all systems have a definite solution.” If the

determinant of the coefficient matrixis zero, a
solution cannot be found using Cramer’s Rule
because of division by zero.

When the solution cannot be determined, one

of two conditions exists;

The planes graphed by each equation are

parallel and there are no solutions.

The three planes share one line (like three
pages of a book share the same spine) or
represent the same plane, in which case
there are infinite solutions.
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Question-1: Solve the following system of linear equations using Cramer’s rule.

X+2y+2=3 XE2Y4 32 =¥
(i) 2X+3y+z2=3 (ii) 2X+y—z=1
X-y—-2=-6 X=Yy—-2==6
Solution: (1)
We can write thisasAX = b ... ... ... ... .... (1), Where
%9 1 X 3
A=((2 3 1),X=()andb=( 3)
e S R z —6
3 2 1 lp. o 1
Now A, =( 3 3 1), Ay, =(2 3 1), A, =
-6 -1 -1 Bn =6, =1
Y22 3
62,73 3)
3274 =6
1 a2 1 3 2 1
AP X P23, Lol =30 A ol 3 B L a3,
2 el o I S N
dar 3 1 s P 3
Ayl =12 3 1 ="3 1A% =12"..3 3 |=-6
3 -6 -1 3 =1 -6
According to Cramer’s rule, x = | ) Y/ A —q, =1 =

Al Al |A]



- e "o EQ_AQ“
AT G (R S B i (O
A g i (TR R e R LI ety
AW g a¥al 3?‘),’@”"{" ) 278 -~ a - ~‘a' '.p':’\"‘;$ .'.;-9 » E *."’:p“o “*‘b' .’. 2 AL
o el A A ® R A et T St S S
YTt Nl N - | AR B Ao Al L 9 B0 L i o
A _,-’p .‘,' A A ‘ A ,9 '/A 7 S oA 17 (2 g
o) : .2 Gl L O B AR A e il 4’(”
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RANK OF A MATRIX

The rank of a matrixis equal fo the
number of linearly. independent rows
(or columns) init. Hence, it cannot
more than.its number of rows and
columns. For example, it we consider
the idenftity mairix of order 3 x .3, all its
rows (or columns).are linearly
Independent and hence its rank is 3.



HOW TO
FIND THE
RANK
OF A
MARIX<¢

The rank of a matrix
can bée found using
three methods. The
most'easiest of these
methods is ‘converting
matrix info echelon
form".

Minor method
Using echelon form
Using normal form

Let us study each of
these methods in
detalil.



Finding Rank of a Matrix by Minor Method
Here are the steps to find the rank of a matrix A by the minor method.
Find the of A (if A is a square matrix). If det (A) # 0, then the rank of A = order of A.

If either det A = 0 (in case of a square maitrix) or A is a rectangular matrix, then see whether
there exists‘any minor of maximum possible order is non-zero. If there exists such non-zero
minor, then rank of A = order of that particular minor.

Repeat the above step if all the minors of the order considered in the above step are zeros
and then try to find a non-zero minor of order that is 1 less than the order from the above step.

Here is an example.
Example: Find the rank of the matrix p (A) if A = .

Solution:
Aisa and so we can find its determinant.
det (A) =1 (45-48) -2 (36 -42) +3 (32 - 35)
=-3+12-9
=0
So p (A) # order of the matrix. i.e., p (A) # 3.
Now, we will see whether we can find any non-zero of order 2.
=5-8=-3#£0.

So there exists a minor of order 2 (or 2 x 2) which is non-zero. So the rank of A, p (A) = 2.


https://www.cuemath.com/algebra/properties-of-determinants/
https://www.cuemath.com/algebra/square-matrix/
https://www.cuemath.com/algebra/minor-of-matrix/
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Rank of a Matrix
The maximum number of linearly independent rows in a matrix A is called the row

rank of A, and the maximum number of linearly independent columns'in A is called
the column rank of A. If A is an m by n matrix, that is, if A has m rows
and n columns, then it is obvious that

Rawrankof A<m
Columnrank of A<n

P S (1)

However, is that for any matrix A, the row rank of A = the column rank of A
Because of this fact, there is no reason to distinguish between row rank and column
rank; the common value is simply called the rank of the matrix. Therefore,
If Ais m x n, it follows from the inequalities in (1) that

rank( A,xn) < min(mn) .- (2)

2aia1

(2 -1 31

) ¢ 1 o 1

Example-1: Find the rank of the matrix o
Koo

Solution:
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First, because the matrix is 4 x 3, its rank can be no greater than 3. Therefore, at
least one of the four rows will become a row of zeros. Perform the following row
operations:

ry=—r 41,

2 -1 3 1, ™ 1, ™

1m0 - A% o 2 44 3| wmen |0 41 1
100 3

[o 7 Ll 07 e 0 2 -1

1S e 1 1 4 (L2088

b 0 1) D02 (1 0 1\| 140N 1)
Oai 2 ’ o L G S N = P L S BB LS
4—'214 4 374 3 3
0 = DA 08 0 0 -1 00 1]
1 o 0 0 2 0 g 0 0 9 oJ

Since there are 3 nonzero rows remaining in this echelon form of B, rank(B)=3

Example-2: Determine the rank of the following matrices.

c::‘_ > P:L—l 3 4||

TS T G o
! 1020 )
(—1 Tawsl

Question: Express M as a linear combination of the matrices A, B and C where

4 7 1 1 1 2 |
M= , A= , B= , C=
R o s e e P

Solution: Given,
4 7 | I | 1 2 1, il
5 b= s |B= N
7 9 L il 3 4 4 5

Here, M will be a linear combination of A, B, C if there exist some scalars
ay, ay, az such that

M



al.A+a2.B+a3.C=M ...................... (1)

1 1 1 2 g e 4 7
OI’, al-[l 1]+a2-[3 4]+a3-[4 5]:[7 9]

a, aq

q 2a a as 4 7
SR oy A e ALk

[a1+a2+a3 a1+2a2+a3]:[4 7]
a; +3a; +4as aq + 4a; + 5a; 79

Or
a1+a2+a3=4
a1+2a2+a3=7

a1+3a2+4a3=7

a1+4a2+5a3=9

Solving the above system of equations, weget,a; =2, a, =3, a3z = —1.

From (i), we get, 2A+3B—-C =M or,M = 2A + 3B — C. (Expressed)



124 |

Week 17

Topics: Eigenvalue
and Elgenvector
Cayley Hamilton
Theorem

Page no (123-140)

Eigenvalue Definition

Eigenvalues are the special set of scalars associated with the system of linear
equations. It is mostly used in matrix equations. ‘Eigen’ is a German word. that
means ‘proper’ or ‘characteristic’. Therefore, the term eigenvalue can be termed as
characteristic value, characteristic root, proper values or latent roots as well. In
simple words, the eigenvalue is a scalar that is used to transform the eigenvector.
The basic equation is

AX = Ax
The number or scalar value “A” is an eigenvalue of A.

In Mathematics, an eigenvector corresponds to the real non zero eigenvalues which
point in the direction stretched by the transformation whereas eigenvalue is
considered as a factor by which it is stretched. In case, if the eigenvalue is negative,
the direction of the transformation is negative.

For every real matrix, there is an eigenvalue. Sometimes it might be complex. The
existence of the eigenvalue for the complex matrices is equal to the fundamental
theorem of algebra.

What are Eigenvectors?

Eigenvectors are the vectors (non-zero) that do not change the direction when any
linear transformation is applied. It changes by only a scalar factor. In a brief, we can
say, if A is a linear transformation from a vector space V and X is a vector in V,
which is not a zero vector, then v is an eigenvector of A if A(X) is a scalar multiple
of x.



Terminology
If s 1s a non-zero vector such that Ms = s
s is called an eigenvector of M: /. is the corresponding eigenvalue.

2 2

~ | because M|~ |=5|
3| 1 1

~d

2
| 1s an ergenvector of M =



operties of eigenvector
1.  Fora given eigenvalue, the eigenvector is not unique.

2 4 2 2
E.gc ) 1s an eigenvector of M = - because M

1

4 216 30
1 313 15

But also

Under the transformation, the eigenvector is enlarged by a scale factor equal to its
eigenvalue.

The transformation does not change the direction of the eigenvector.

/.=0 1s a possible eigenvalue.




Finding eigenvectors

We need to solve the equation Ms = As

to find s.

But Ms = As
— Ms—2s =10
— Ms — MIs=0
— (M-2Ds=0

If M — I 1s non-singular, this equation has a solution
s=M-2)"'0=0

but we are seeking non-zero solutions for s.

For these to exist, we require M — AI to be singular.

— detM —AI) =0

This 1s called the characteristic equation of M.
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For each eigenvalue 2, find a corresponding eigenvector s by solving (M — AI)s = 0 for
non-zero s.

. 1-4 |
M-A=

=2 AL=2




2 -1 6
Find the eigenvalues and eigenvectors of the matrix M= 3 -3 27|,
1

Form the characteristic equation det(M — AI) = 0.
2-4 -1 6
3 3-4 27
1 -1




detM — ) = (2- 1)

= Q2= —4r+6)+ 1(=3L—-6)+6L=0
= W+ E-11+6=0
= M6 +11h-6=0

Solve the characteristic equation.
L~ 617+ 11— 6=0
(A—D-2)(A-3)=0
eigenvalues are 1, 2 and 3.




- L . — = ~

orresponding eigenvector s by solving (M —

= (1)=0)
(1)x3 3x—-3y+182=0
—2): y-9z=0=y=9z
m(l);, x-9z+6z=0=x=3z




) =2:an eigenvectoris | 6

A = 3: an eigenvector is | 5

For a 3 x 3 matrix, the characteristic equation 1s a cubic. This will always have at least one
real root so there will always be at least one real eigenvalue and associated invariant line.

The situation where we do not have three real distinct eigenvalues is beyond the
specification, but is explored in the example on p.109.



(useful to remember)

Sum of roots = Tr(M)
Product of roots = det(M)

, a c y .
For a 2 x 2 matrix M = L} (J , the characteristic equation 1s
detM -2 D) =0=(@—1)(d—-L)—bc=0

= M-(@+dr+ad—bc=0
= A% = Tr(M)X + det(M) = 0

These properties also hold for » x » matrices.



135 |

An Eigenspace of vector x consists of a set of all eigenvectors with the equivalent
eigenvalue collectively with the zero vector. Though, the zero vector is not an
eigenvector.

Let us say A'is an “n x n”” matrix and A is an eigenvalue of matrix A, then x, a non-
zero vector, is called as eigenvector if it satisfies the given below expression;

AX = AX
X is an eigenvector of A corresponding to eigenvalue, A.
Note:

« There could be infinitely many Eigenvectors, corresponding to one
eigenvalue.

« For distinct eigenvalues, the eigenvectors are linearly dependent.

Eigenvalues of a Square Matrix

Suppose, Anxnis a square matrix, then [A- AI] is called an Eigen or characteristic
matrix, which is an indefinite or undefined scalar. Where determinant of Eigen
matrix can be written as, |A- AlIl and |A- AIl = 0 is the Eigen equation or
characteristics equation, where “I” is the . The roots of an Eigen
matrix are called Eigen roots.

Eigenvalues of a triangular matrix and diagonal matrix are equivalent to the elements
on the principal diagonals. But eigenvalues of the scalar matrix are the scalar only.

(4 6 6
Question: Find the eigenvalue of the given matrix A:|‘ AR &2 W
\-1 -4 —3)’

Solution: = The characteristic equation of Ais I -A|=0


https://byjus.com/maths/identity-matrix/
https://byjus.com/maths/identity-matrix/
https://byjus.com/maths/identity-matrix/
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1 00 (4 6 6
Shjor1ol=[1 3 2 =0
00 1) (-1 4.3

A=4 -6 -6
2> P Tl Wvis 3ol =1
1 4  A+3

= (A -4)(12<9+8)+6(-L-3+2)—6(-4-1%+3)=0
= (L—4)(A2-1)-6L-6+6L+6=0

= (A -4)(A*-1)=0

= (A-4)=0," (3*-1)=0

S>h=4 A=tfl=+1
SA=4,-11

Therefore, the eigenvalues of Aare A =-1,1,4

(1.0 4) (3 2 4
Exercise: Find the eigenvalue of the given matrix B=lo B2 1T 21 a0 <2
L4 4 3 4 2 3

Question: Find the characteristic equation of the following matrices and verify
{22 23)

Cayley-Hamilton theorem for it. a=l2 G 1 ||
Ls RS

Solution: = The characteristic equation of Ais Ll —-A|=0
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1 00) (1 2 3
o 1 0f<[2 -1 1{-0
001 (31 1)

NA w7 o3
> —2'aA+l A [=0
73 =1 A5l

= (A -1)(A? =1-1)+2(-21 +2-3)-3(2+31 +3)=0
= (A-1)(A2-2)-4r-2-91 -15=0
= A -2L-A%+2-13% -17=0

AS=1? <151~15=0

Now in order to verify Cayley-Hamilton theorem we have to show that
A® — A*~15A-15] =0

[l 2a0 3) (17 TN 19 B (14 73" (B
Here, A={2 -1 1||A2=2—11 2 -1 1'=13 6 6 |and
< S IR i o | B N e

(1 2 3y14 3 8) (44 33 53)
p-an=t2 4 1)3 6 6|<|3 6 2]
L3 1 1) 8 6 1) (s3 21 41

A® — A2 ~15A 15|
44 33 53) (14 3 8) (1 2 3 (1
)—15|
8 6 11)

|38 6 21f-| 3 6 6|-1512 ~1 1|-150
53 21 41 L Ls 1 1) Lo
44-14-15-15 33-3-30-0 '53-8-45-0

~| 3393-30-0 6-6+15-15 21-6-15-0 |=

53-8-45-0 21-6-15-0 41-11-15-15

O O o © +r o

Hence the Cayley-Hamilton theorem is verified.



311
-121
111

- Solution:
" To apply the Cayley-Hamilton theorem, we first determine the characteristic polynomial p(t) of the matrix A.
|4 - ]
G-9) 1 1
-1 @2-9 1
1 1 (1-9

=G-@-DxA-H-1x1)-1(-1)x(L-H-1xD)+1(-1)x1-Q2-Hx1)

: =(3-t)((2-3t+t2)-1)-1((-l+t)-1)+l((-1)-(2-t))

=(3-t)(1-3t+t2)-1(-2+t)+l(-3+t)

(3-10t+6t2-t3)-(-2+t)+(-3+t)

= -P+6’-10t+2

A p(t)= -B+62-10t+2

: The Cayley-Hamilton theorem yields that
 O=pd)= -A>+64%-104+2I

Rearranging terms, we have
o e A3 _eq2




| 1 2
ndl= E(A“-6A+ 101)

Now, first we find 42 - 64 + 107

311 311
-1 21 ¥ -1 21
1 11 1 11

Ix34+1x -1+1x1 3x1+1x2+1x1 3x1+1x1+1x1
Sl ®x3+2x -1 +1x] -1 x1+2=x2+1x] -1Ix]1+2x1+1x1

I1x3+1x-1+1x1 1x1+1x2+1x]1 Ix1+1x1+1x1

9-1+1 3+2+1 3+1+1
-3-2+41 -1+4+1 -1+2+1

3-1+1 1+2+1 1+1+1




9+18 6+6 5+6
-4-6 4+12 2+6
3+6 4+6 3+6

-9+ 10

2+0

0+0
-8 +10

S1+40
440




Exercise: Find the characteristic equation of the following matrices and verify

Cayley-Hamilton theorem for it. 141 |
152> 2wl 1}
B={371-0[,C=|1 4 3
1T e Gt | OJ



