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Fourier Analysis and Laplace Transformation

Course Code: Math 0541-2105 Credit: 03
Semester End Exam (SEE): 3 Hours CIE Marks: 90
SEE marks: 60

Course Learning Outcomes (CLO): After successful completion of the
students will be able to -

CLO1 Define the basic terminology and theorems associated with Fourier
Analysis and Laplace Transformation.

CLO2 Properties of Laplace and Inverse Laplace Transformation and LaplT

Transformation of derivatives, and Applications.

CLO3 Describe Fourier Series, Fourier Sine and Cosine Series, Orthogonal
Functions, Fourier Integrals.

CLO4 Apply the acquired concepts of Fourier Analysis, and Laplace
Transformation in engineering.

Course Content Summary
SL. | Content of Courses Hrs CLO’s \

1 Definition of Laplace transformations, Some |8 CLO1, CLO2
important properties of Laplace
Transformations, and some related mathematics,
Laplace transformations of some elementary
functions, Laplace Transformation of 1st and 2nd
derivatives and general term derivatives,
multiplication by t power n and division by t,
Inverse Laplace transformations,

2 Inverse Laplace transformations of some |6 CLO1, 9102
elementary  functions, Inverse  Laplace

Transformation of 1st and 2nd derivatives and,
Ordinary Differential Equations with Constant
Coefficients, Related Mathematics. Applications
to electrical circuits, L-R circuit related
Problems.

2|Pag



3 Definition of Fourier series, Periodic Function, | 10 CLO
Even and Odd Function, Piecewise Continuous
Functions, Dirichlet  Conditions,  Parsivals
Identity, Fourier  Series, Some important
properties of Fourier series, Half range Fourier
Sine or Cosine Series, and Related mathematics,
Convergence of Fourier series, Definition of
orthogonal Functions, Orthogonality,
Orthogonal series

4 Application of Fourier series in engineering, | 10 CLO4, CL
Boundary value Problem, Laplace equation and
Related mathematics, Fourier integrals, Fourier
Transforms, Fourier sine and cosine Transforms,
Convolution Theorem, Application of Fourier
integrals, Related mathematics.

Course Plan Specifying content, CLO’s, Teaching Learning, and Assessment
strategy mapping with CLO’s

Week | Topics Teaching- Assessment | Correspondin
Learning Strategy CLO’s
Strategy
1 Laplace
transformation
e Definition
Notation
Proof of
formulas of
Laplace Lecture,
Transformations | pjscyssion Quiz CLOL1,
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Some important
properties of Laplace
Transformations
e Linearity
property
e Change of scale
property
e Related
mathematics

Discussion,
Oral
Presentation

Written
Assignment

CLO1,

Multiplication by t
power n
Derivatives of Laplace
Transformation
e Istand 2
derivatives
e General term
derivatives
e Related
mathematics

Oral
Presentation

Oral
Presentation

CLO1,

Inverse Laplace
transformation

e Definition
° Notation Proof
of formulas of
Laplace
Transformations

Group Work

Group
Assignment

CLO1, CLO2

Some important
properties of Inverse
Laplace
Transformations
e Linearity
property
e Change of scale
property
e Related
mathematics

Case Study

Presentaticy/

CLO1,

I1Pag
T

=




6 Ordinary Differential
Equations with
Constant Coefficients
e Initial and
boundary Value
problem
e Related Quiz,
mathematics Written
Group Work Assignment CLO1,
7 Applications to
electrical circuits
e L-R circuit
e Related
problems Oral
Lecture, Presentation,
Discussion Quiz CLO4, CLO
8 Applications to beam.
e formulation
e Related Discussion, Group
problems Oral Assignment,
Presentation Quiz CLO3, CLO1
9 Fourier series
e Definition
e Periodic
Function
e Piecewise
function
 Odd and even Presentation,
functions Oral Written
Presentation Assignment CLO3, CLO1
10 Graph of different
types of functions
e Evenand odd
functions
e Periodic Oral Quiz’
functions Presentation Presentation LO3, C
11 Some important

properties of Fourier
series

Group Work

Written _
Assignment,




Dirichlet
Conditions
Parseval’s
Identity
Theorems and
related
mathematics

Oral
Presentation

12 Fourier series of
different types of
functions Related | Discussion, Group
mathematics. Oral Assignment,
Presentation Presentation CLO4, CL
13 Half range Fourier Sine
or Cosine Series
e Definition
e Related Discussion,
mathematics. Oral Quiz, Group
Presentation Assignment
14 e Fourier
integrals
e Convolution Written
Theorem Oral Assignment,
e mathematics. Presentation Quiz CLO4, CLO
15 Orthogonality
e Definition of
orthogonal
Functions Oral
e Orthogonality, Presentation,
e Related Lecture, Group
mathematics Discussion Assignment CLO4, CLO1
16 Application
e Boundary value
Problems
e Laplace
equation
e Related

mathematics.

Practical Work

Presentation,

Quiz

CLO4,
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17

Application of Fourier Quiz, Written
Series in Engineering Assignment,
e mathematical Oral
problems Reading Presentation
Assignment CLO4, C
REFERENCE BOOKS

1. Laplace Transformations— Schaum’s Outline series.
2. Fourier Transformation- Schaum’s Outline series.

3. Laplace and Fourier Transformations- Prof. Dr. Abdur Rahman.

Assessment Pattern

CIE- Continuous Internal Evaluation (90 Marks)

Bloom’s Tests Assignments | Quizzes Attendance
Category (45) (15) (15) (15)
Marks (out of 60)
Remember 05
Understand 05 05
Apply 10 05 05 15
Analyze 10 05 05
Evaluate 10 05
Create 05

SEE- Semester End Examination (60 Marks)

Bloom’s Category Test
Remember 10
Understand 10

Apply 10
Analyze 10
Evaluate 15

Create 5
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Laplace Transformation

Week 1
Topics: Laplace Transformation

Pages (7-11)

Infroduction

= Transformation in mathematics deals with the conversion of one
function to another function that may not
be in the same domain.

» | aplace transform is a powerful transformation
tool, which literally fransforms the original
differential equation into an elementary
algebraic expression. This latter can then
simply be transformed once again, into the
solution of the original problem.

» This transform is named after the mathematician and renowned
astronomer Pierre Simon Laplace who lived in France.




Definition of Laplace Transform

Suppose that, fis a real or complex valued function of the
variable t>0 and sis areal or complex parameter. We
define the Laplace transform of f as

F(s) = L{f(h} =/, e~*t f(t)dt

L {f(t)}=F(s)

t domain s domain




Laplace Transformation: Let F(t) be a function of t specified for t>0. Then the L
Transform of F(t), denoted by L{F(t)} is define by

LIF()} = f(s) = j e'F(t) dt ,where the parameter s is real.
0

Some formula of Laplace Transformation

n 1
(i) L{t"} = = (ii) L{e®} = p— s>a

(iii) L{cos at} = , >0 (iv) L{sin at} =

)
s + a2 s + a?

Question: Prove that L{e%} = é s>a
Solution:

Let, F(t)=e"

By the definition of Laplace transformation, we know that

L{IF(t)} = Ofest F(t) dt
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So, L{e*} = I e e dt
0

= ]ie‘s”a‘ dt = O_O[e‘(s‘a)‘ dt
0 0

e—(s—a)t ®
= | = 1 (e—w_e0) =L, S>a
~(s-a)|, —(s-a) S5—

QD

Question: Prove that £{1} = % s>0

Solution:
Let, F(t)=1

By the definition of Laplace transformation, we know that

L{F(t)} = ]Oe‘StF(t) dt

So, L{e%} = [e1dt
0

gst ®

:jefst d = :i(e*“’—eo) :l, s>0
5 =S|, S S

a . _ 1
Question: Prove that L{t} = =, s>0

Solution:
Let, F(t)=t

By the definition of Laplace transformation, we know that

L{IF(t)} = Te-st F(t) dt

So, L{t} = [e.tdt
0
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:Te_ﬁt dt =tTe‘5‘ dt—]-o{%oje_“ dt} dt
0 0 0

0

*® ®© —st st *
{12 dt=0—(i).e—
o 0 —S —-S ) =S
1, 1

gt
=S

=t

Question: Prove that £{4 ¢4} = =, s > a

)
Ss—a

Question: Prove that L{5} = 5, s>0

N

Question: Prove that £L{3t} = < $>0
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Week 2
Topics: Properties of Laplace

Transformation Pages (12-16)

Elementary Properties of Laplace
Transformation

= Linear Property : If ¢, and c, are any constants while F,(t) and F,(t) are functions
with Laplace transforms f,(s) and f,(s), then L {c,F,(t)+c,F,(t)}=c,f,(s)+c,f,(s)

= First translation or shifting property : If L{F(t)}=f(s), then L{e®'F (t)}=f(s-a)

F(t—a);t>a

" = Second translation or shifting property : If L{F(t)}=f(s) and G(t)= {0 g

then L{G(t)} = e~ f(s)
= Laplace transformation of derivatives: If L{F(t)} = f(s), then L(F'(t)) = s f(s) - F(0)
= Laplace transformation of integral: If L{F(t)} =f(s), then L{fﬂ{ F(u)du} =¥
= Multiplication by t": If L{F(t)}=f(s), then L{t"F(¢)}=(=1)"f"™)(s)

= Division by t: If L{F(t)}=f(s), then L{@}aﬂw f(w)du provided ltin(l) F(t)/t exists.

Linear property of Laplace theorem: If c;and czare any constants while F1(t)
and F»(t) are functions with Laplace transformations fi(s) and f2(s) respectively,
then

L{c1F1(t) + c2F (1)} = c1.L{F1(D)} + c.L{F (D)} = c1f1(5) + c2f 2(s)

is called the linear property of Laplace Transformations. The result is easily
extended for n terms as follows:

L{c1F1(t) + c2F2(t) + - + cpF (1)}
= c1L{F1()} + c2L{F(D)} + -+ + c L{F ()}




L{cif1(t) + c2f 2(D) + -+ + cufn(D)}
= 1 L{f1(O)} + c2L{f2(D} + -+ + c, L{f (D)}

Questions-1: Find the Laplace transformation of 4e> + 6t3 — 3 sin 4t

Solution: By linear property of Laplace transformations, we have
L{4e°t + 6t3 — 3 sin4t + 5 cos 2t}
= 4L{e5} + 6.L{t3} — 3L{sin 4t} + 5L{cos 2t}

1 : 4 >
=49 +6GD -3 (G +5 (G

4 36 12 5s
s—5 st s2416 s2+4+4

Question-2: Find the Laplace transformation of 3t* + 4e=3t — 2sin 5t +
3 cos 2t.

Solution: By linear property of Laplace transformations, we have
L{3t* + 4¢3t — 2sin 5t + 3 cos 2t}
= 3L{t*} + 4L{e—3t} — 2L{sin 5t} + 3L{cos 2t}

4! 1 5 S
=3 1G53 2 (s T3 (D

72 4 10 3s
s s+3 s2425 5244

Question: Find the Laplace transformation of the followings:
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(i) 7t* +5e® —4sin5t + 2cos 2t

(i) 3t + 4e™ +3cos 4t — 2sin 6t

(iii) 10t® —15e'™ +12sint + 6 cos 6t
(iv)10sin10t —12t" —2cost + €™

(v)10t* —5e™ —20sin 6t + 20 cos 7t
(vii)13e'® + 6e +12t° +65sint +2cos9t
(viii) 2™ + 7e* +t" —2sin8t + 7 cost

Change of scale or shifting property:

If {F(t)}= f(s),then L{e*F(t)} = f(s —a)

Questions: Find the Laplace transformation of the expressione=2t(3 cos 6t
5 sin 6t).

Solution: We have  L{3 cos 6t — 5 sin 6t}

S
=3Gre? TP (e
_3s 30 3s-—30
s24+36 s2436 s2436

ot e _ 3(s+2)-30 _ _3s—24
Then L{e~*%(3 cos 6t — 5sin 61)} (5+2)2436  s2+4s+40

Question-2: Find the Laplace transformation of
(i)e?t(3 cos 4t — 4 sin 4t) (i))e~*(6 sin 3t — 5 cos 3t)

Solution: (i) We have  L{3 cos 4t — 4 sin 4t}
=3 G
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_ 3s 20 _35—20
s24+16 s24+16 s2+16

3(s=2)-30 _  35—6-30 _ 35—6-3
(s—2)2+36 s2—4s5+4+36 52—45+40

Then L{e?!(3 sin 4t — 4 cos 4t)} =

(i) We have  L{6 sin3t — 5 cos3t}

3 S
=Gz ()

_ 18 5s _18—55
s24+9 s249 s2+9

18-5(s+4) _  18-55—20 _  —(5s+2)

—4t ] — = = =
Then L{e=*(6 sin3t — 5 cos 3t)]} (s+4)2+9 s2+16s5+16+9 s2+16s+25

Question: Find the Laplace transformation of the followings:

(i) 267 (sin 4t), e cos 9t

(ii) e (6t — 7 cost +4sint)
(iii)e™ (6sin 3t —5cos 3t)

(iv) e (cos 2t + 2t?)

(v) " (3t* + 2sin 7t + cos 5t)
(vi) e (4t® + 3cost — 4sin 6t)
(vii) e* (7 cos 3t + 4sin 6t)
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Week 3
Topics: Laplace Transformation of derivatives

Pages (16-19)

Laplace Transformation of derivatives:

If {F(©)} = f(s),then L{F ()} = sf(s) — F(0)
and L{F'(£)} = s2f(s) — sF(0) — F(0)

Multiplication by powers of t:

If {F(O} = f(s), then L{t"F(D)} = (=1)" %f (s)

Question: Find L{t sinat}.

Solution: Since we know that,

L{sinat} =
s? + a?
. _ _1\1 d_ a
So, L{t sinat} = {(—1)'} - (52+a2)
2as
(s + a?)?

Question: Find L{t?e?t} and L{t cosat}.
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LAPLACE TRANSFORM OF DERIVATIVES
13. Prove Theorem 1-6: 1If £ {F(t)} = f(s), then L {F'(})} = sf(8) — F(0).

Using integration by parts, we have

« P
LA{F'(t)y = f e stF(t)dt = lim e “StF'(t) dt
0

-=Jo

P P
] + sj; e "F(t)dt}

P
= ‘}i_x.nn {e"'PF(P) - F(0) + sj; e~ st F'(t) dt}v

= lim {e‘“ F(t)
P+

sj; e~stF(t)dt — F(0)

H

8f(s) — F(0)
using the fact that F(¢) is of exponential order y as t~ «, so that '!im e~ PF(P) = 0 for s>y.

For cases where F(t) is not continuous at ¢t = 0, see Problem 68.

14. Prove Theorem 1-9, Page 4: If £ {F(t)} = f(s) then £ {F”(t)} = s*f(s) — s F'(0) — F"(0).

By Problem 13,
£{G'(t)} = sL{G@®)} — GO) = sg(s) — G(0)
Let G(t) = F'(t). Then
L{F"(t)} = sL{F'(t)} — F'(0)
= s[sL{F(t)} — F(0)] — F'(0)
2 o {F(t)} — sF(0) — F'(0)
= g2f(s) — sF(0) — F'(0)
Problem:

Find (a) £ {tsinat}, (b) £ {t?cosat)}.

(@) Since . {sinat} = ;.2—_‘*-1_-72-, we have by Problem 19
: . - d a = 2as
18| P a
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Another method.

8

Since L {cosaty — f e Stcosatdt = Py

0

we have by differentiating with respect to the parameter a [using Leibnitz’s rule],

L

‘ e Scosatdt — f e~st{—tsinat}dt = — L {tsinat}
0

a
da .

d [ s > _ _ 2as
dao \ 82 + a? - (82 + a2)2
from which

2as

LA{tsinat} = CET

d
Note that the result is equivalent to %-C {cosat} = L {Ecos at}.

(b) Since . {cosat} - ﬁa?' we have by Problem 19
g o az 8 283 — Ba3s
£ {t2 cos at} = 'm(ag_*_az) = W

We can also use the second method of part (a) by writing
. _ [_ a2 - e
LA{t2cosat} = L T2 (cos at)} = a0z £ {cos at}

which gives the same result.
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Week 4
Topics: Inverse Laplace Transformation

Pages (20-32)

Inverse Laplace Transform

.

Inverse Laplace Transformation: If the Laplace transformation of a function F(t)
is f(s), i.e L{F(t)} = f(s) , then F(t) is called the inverse Laplace transformation of
f(s), and we can write symbolically F(t) = L=1{f(s)}, where £~1 is called the
inverse Laplace operator.




Definition of Inverse Laplace Transform

In order to apply the Laplace transform to physical problems, it is
necessary to invoke the inverse transform. If L{f(t)}= F(s), then the
inverse Laplace Transform is denoted by

LHF(s)}=f(), t=0

Time
domain 7 (1) Complex Frequency
Domain 7(s)

(r(s))

L(f)

T




Some formula of inverse Laplace Transformation

1 n
DL e = O
a

s + a?

} = e

(@) L1 { } = cos at (iv)L=1{ } =sina

s + a?

Linear property of inverse Laplace transformation: If ciand c; are any
constants while f1(s) and f2(s) are functions with Laplace transformations F
F2(t) respectively, then

L~He1f1(8) + c2f 2(8)} = 1 L7Hf1(8)} + c2L7{f2(s)}

Is called the linear property of inverse Laplace transformation. And for n tim
can write,

L7 Hc1f1(8) + c2f 2(8) + -+ + cnfn(5)}
= 1 LTH 1)} + 2L Hf2(8)} + - + L7 Hfn(8)}

L~ Hc1f1(8) + c2f 2(s) + -+ + cnfn(5)}
= 1 LTH 1)} + 2L Hf2(8)} + - + L7 Hfn(8)}

Questions-1: Find the inverse Laplace transformation of the expression Sis +
4 3s 5

+
s—2 s24+16 s2+4

Solution: By linear property of Laplace transformations, we have
. 1 4 3s 5
& {55 +s—2_52+16+52+4}

1
= L7l (g} + 4L

5

_ r—1 —1
5—2} £ {52+16}+L {SZ+
1 Al 1 S 5 2

_ -1 -1 _ar-1 .
24L {55}+4L {5—2} — {52+16}+2L {52+4

22 |Pa
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1

5
4 2t _ _
24t + 4e 3cos4t+251n2t

5s+4

Question-2: Find the inverse Laplace transformation

Solution: By linear property of Laplace transformations, we have
55+ 4 6 8s 7

_1 _
- {55 +s—3 52+9+52+25}

1 1
=5L 1 {Y+4L1{_}+6L
4 S5

5

1
6L1{3+1}+ = {4+1}+6{—} 8L71{

2+9}+

=Et3 +1t4 +6e3t —8c053t+zsin5t
6 6 5

Question: Find the Inverse Laplace transformation of the followings:

6 3+4s N 8-6s
2s—3 9s?+16 16s® +9
1 4 3s 5
e AT
55+4 6 8s 7
- +
s 3 s*+9 s*+25
(|v)—— 2s+5
s+4 s’+16

(V)s+10_ 4 , s+8

s s-6 s*+4

(i)

(iii)

Change of scale property:
If L=Y{f(s)} = F(t), then L7{f(s — a)} = e®F(t)

23| Pa
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Questions: Find the inverse Laplace transformation of the expression

Solution: We have £-1{—%=*—_ = £-1{ 6s-12+8 P RLC

s2—4s5+20 } $§2—2.5.2+22+16 (s—
. (s—2) 4
= 6L71( }+2L71¢ }
(s—2)2+16 (s—2)2+16

= 6 e2t cos 4t + 2 e?t sin 4t

Question-2: Find the inverse Laplace transformation

g 4s—25 od 6s5—4
of (l) 52—65+34 (ll) s2—2s5+10
O -1 4s—25 _ =1 4s—12—-13 — -1 4(s—3)—13
Sollvidon, s lave Ll = A s e = {m}
(s —3) 13
4L y -t

(s —3)2+ 52 5 {(s —3)2 + 52}

1
= 4 e3t cos5t — ?3 e3t sin 5t

24| Pa
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Result on inverse Laplace transform

Result: 1 Linear property
L[f(t)] = F(s) and L[g(t)] = G(s) ,then L~1[aF(s) + bG(s)] = aL 1[F(s)] + bL~[G(s
Where a and b are constants.
Proof:
We know that L[aF(s) + bG(s)] = aL[F(s)] £ bL[G(s)]
=aF(s)+bG(s)
(i.e.)aF(s) £ b G(s) = Llaf(t) £ bg(t)]

Operating L=1 on both sides, we get

L=YaF(s) £ bG(s)] = af(t) + bg(t)
L=YaF(s) + bG(s)] = aLF(s)] + bL7Y[G(s)]

Result: 2 First shifting property “ f(@®) = L7F(s)]
» g = L7YG(s)]

() L7Y[F(s + a) = e ®L"1[F(s)]]

(i) L1 [F(s — a) = e®L~1[F(s)]]
Proof:
Let Lle~%f(t)] = F[s + qa]
Operating L= on both sides, we get
e~ 9f(t) = L7'[F[s + al]
L7YF[s + a]] = e ®L71F(s)]
Result: 3 Multiplication by s.

If L-1[F(s)] = £(£) and £(0) = 0, then L~1[sF(s)] = LL-1[F(s)]

Proof:
We knowthat L[ (t)] = sL[f(t)] — f(0) = sF(s)
Operating L=1 on both sides, we get
f @) = L7[sF(s)]
Sf(@®) = L7 sF(9)]
S LUF )] = L7 [sF(s)]

« L7YsF(s)] = SL7[F(s)]




Result: 4 Division by s.
L[ = 1 [R(s)]dt
Proof:
We know that L[ fot f (t)dt] = 1;L[f(t)] = 1;F(s)
Operating L=1 on both sides ,we get
fof (©)dt = L7 [2F(5)]
[l IF@)dt = L7 L F()
o L1 [Eii)] = f; L-1[F(s)] dt
Result: 5 Inverse Laplace transform of derivative
L F(s)] = L7 [ZF(s)]
Proof:
We know that L[tf(t)] = %L[f(t)] — ;—iF(S)
Operating L= on both sides ,we get
() = L[ F(s)]
LF()] = L7 [ZF(s)]
f®) =L [EFE)
LTF()] = L7 [LF(S)]
Result: 6 Inverse Laplace transform of integral
LYF($)] = tL7[[ ” p(s)as)
Proof:
We know that L [ﬂf)] = f:o L(f(t)) ds
= :O F(s) ds
Operating L=1 on both sides, we get
f(t—t) = L_l[fzo F(s) ds]
f() = tL_l[f:o F(s) ds]
L7YF(s)] = tL7[[ :0 F(s) ds]
Problems under inverse Laplace transform of elementary functions

Example: 5.39 Find the inverse Laplace for the following

(i) — (i)

1 s3-3s2+7 . 3s+5
2s+3 45249 ("I) ( )

s4 52436

Solution:




ML=

2[s+z]

=3t
=l
2

(if) L [s55] = L7

5]
4[sz+42]

=171

= ]

=1Lsm t
2

1 .
=—sm§t

(i) L7 [ = 1 [ -2 T

S
S &
1
=1 1[]—3L LI+ 7L7 ]
3
L[S 7 ‘ij +7]=1—3t+7t—

3s+5 s
]=3L71]
s2+36 52436

(iv) L1 14 5L71 [T

52436

—1[3s+57 _ 55m6t
b [52+36] 3cosbt + ——

Inverse Laplace transform using First shifting theorem
L7F(s + a)] = e ®L71[F(s)]

Example: 5.40 Find the inverse Laplace transform for the following:

1 1 1

(I) (s+2)2 (”) (s—3)4 ("I) (s+3)2+9 (IV) s2—2s+2
1 q s+2 .. s+2 s
(V) s2—4s+13 (VI) (s+2)2+25 (V") s2+4s+20 (VI") (s+3)2
. S s . 2s+3 - S
(X) (s—4)3 (x) s2-2s+2 (xi) 52465425 (xii) 524657
Solution:
H -1 =2t]—-1714] — p—2t
0 L [(+Z)2]—e L[] =e 2t
3
i -1 = e3t]—1 — p—2tt_
() L] = ettt [h] = et
1 = e-3t1-1 _3¢ sin3t
("I) s [(s+3)2+9] € [ 2+9] € 3
: 1 — -1 — ot]—1 [ = ptgj
(V) L= [52 Zs+2] [(5—1)2+1] = & [sz+1] e'sint
1 _ -1 = p2tj—11_1 ] = g2t sin3t
v) = [52 4s+13] [(5—2)2+9] = el [52+9] € 3
; —17_ st2 —2t7 -1 — p—2t
(VI) & [(s+2)2+25] € [52+25] e”*cos5t
.. 1 11 s+2
(V") = [sz+4-s+20 ] [(s+2)2+16 ]




s
= e~2t]~1 [ﬁ = e~ 2tcosat

s2+16
(viii) L~ [(s+s3)2] =L [s(:j_;)i]
3 8
=L [(s_i? i P
-

= 3t — 331 [1]
2
=] e_3t — 33_3tt

(x) L[—]=L"1[Y

(s—4)3 (s—4)3
—4 4
= L_l . | L_l
[(5—4)3 + [(5—4)3 ]
=L [ ] +4L 1 [
(s—4)2 (s—9)3

= e4t]—1 [1_2] + 4ett]-1 [lJ
s s

2
t
= eMt + 4e* =

= et + 2et?

(X) L_l[ s ] — L_l[ s ] =11 s—1+1 ]

52—-2s+2 (s—D+1 (s=1)2+1
—1 1
= L_l . L_l
[(s—1)2+1 I+ [(s—1)2+1 |
— ot-1 [~ -1
< [52+1] 3 [52+1]
-1 S — t tej
L [m] = e'cost + e'sint
. 1 2543 _ 2543 1 _ 7—12(s+3-3)+3
1 = [-1[=5T° = [i[AsTeTe)ra
(xi) L [52+6s+25] L [(s+3)2+16] [ (s+3)2+16
= -1 [z(ﬁi)—_&lﬁ]
(s+3)2+16
= g3t -1 [2=%
s2+1
= e~3t [2L1 [<—] — 311 [
[ [32+16] [52+16 I
1 25+3 _ 3t __ 3sindt
e I:52+6s+25] = ¢ (2C054t ﬁ
- -1 s _7-1 S —7-1 _Sst3-3
&) L oel =1 [erre! = L1 [oess!
_s=3
— ,—3t7—1
=e L [52—16]
71 3ty—1p_ 1
= e 31, [52—16] — 3e "L [52—16]

1 s _ 3t __ 3sinh4t
L [52+6s—7]_e [cosh4t — =——}




Inverse Using partial Fraction

1 [ 25-3 ]

Example: 5.47 Find L o))

Solution:
25—3 A B c
(s—-1)(s—2)2  s—1 tot (5—2)2

_ A(s-2) z+B(s—lj(s—2}+C(s—lj

(s—1)(s—2)?
A(s—2)2+B(s—1)(s—2)+C(s—1)=25s—3- (1)
Puts =1 1in(l) Puts =2 in Equating the coefficient of s*
W A+B=0
A= c=1 B=-A=B=1
-1

25—3 _ -1 1

. = 1
T -D(-2)2 s—1 s-2 | (s—2)2

1
(s—2)?

L =L T L T

(s—1)(s—2)2

]

it 2t 2e7—171
=—e'+et +el [ H
25—-3

-1 — _pt 2t 2t
L [(5_13(5_2)2]— et + et + e“'t




Example: 5.49 Find the inverse Laplace transform of dsts

(s+1)(s2+4)
Solution:
4545 _ A 4 Bstc
(s+1)(s244)  s+1 5244
_ Afs 2+4)+{Bs+c}(s+1}
(s+1)(s2+4)

A(s2+4)+ (Bs+c)(s+1)=4s+ 5 (1)

Puts = —1in (1) Equating coefficients of s%term in (1) Put s = Oin

A(1+4)+0=4(-1)+5

A(B)=1=A4=7%

1
45+5 T

“ls+Zl
2 2 2

T(s+1)(s2+4) | s+l s24+4

1

5

A+B=0

BZ_A:B:%

21 1

T 5(s+1)  5(s2+4)

—_1_—1_]_1 To—ap S gy 2ly—1p 2o
[(s+1j(52+4)] - 5L [s+1 lg [ 52+4] + 5 L [s2+ei-]

1

5
4545 1
-1 ]=-et
(s+1)(s2+4) 5

=_et— %COSZI +

e —_——

5 (s2+4)
1

21 sin2t
5

21

cos2t + ESEnZt

(D

AD+C=5
C=5-—4A=

5 —

2
5



155 11

Example: 5.48 Find the inverse Laplace transform of 2 —(s+1ju:s 2)3

Solution:

552—155—11 _ A B c c

(s+1)(s=2)% s+l ' s=2 ' (5-2)2 ' (s-2)°

_ A(s—2}3 +B[s+1j(s—2}z+C{s+1}(s—2)+D[s+1}
(s—1)(s—2)3

A(s—2P +B(s+1)(s—2)+C(s+1)(s—2)+D(s+ 1) =552 — 155 — 11--- (1)

Puts = —1in(1) Puts =2 in(1) Equating the coefficient of s°

A(—-27)=09 D(3) = -21 A+B=0
_ 2 _ 1 — =21 _ _ _ _1

A—_2?3A—3 D—a— 7 B = A=>B—3

Puts = 0 in (1), we get

—8A+4B - 2C+ D =
—11

8, 4 o
TH3-20-7=-11
4-20=7-11

—20=-8=(C=4

2
. 5s —15s—11 _ -1 1 s
CDe-2° 361D Tien T2 T Gone

55— 15s5—11
) Al i _L‘-l{_+L1_L+4L1
[{s+1j(5 -2)3 ] .S‘+1] ! [ ]

1
7L [{s 2}3]

— 3‘1 —t_|_ p2t 4 Ap2t]— 1[ ] — 7e%L- 1[ .

55° 15511 “Llo-t 4 12t 2e7—-171y Ztt_
L1 [(5+1}{S 2)3] +iett +4e”t LT [G] —Tet 5




Week 5
Topics: Initial and Boundary Value Problem

Pages (32-50)

Application of Laplace Transform




Solving Ordinary Differential EQuation

Problem:
YY"+ aY'+ bY = G(t) subject to the initial conditions Y(0) = A, Y' (0) =B
where q, b, A, B are constants.

Solution:
» |aplace transform of Y(t) be y(s), or, more concisely, y.
= Then solve for y in terms of s.

» Take the inverse transform, we obtain the desired solution Y.



5.9 SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE TRAN
TECHNIQUE

There are so many methods to solve a linear differential equation. If the initial conditi

then Laplace transform technique is easier to solve the differential equation. The Laplace trans
transforms the differential equation into an algebraic equation.
LIy ®] = sLly(®)] — y(0)
Lly"(®)] = s’Lly(®)] - sy(0) — y'(0)
Problems using Partial Fraction

Example: 5.66 Solve% -3 Z—’: + 2x = 2, given x = Oand %= 5 for t = Ousing Laplace tra
method.
Solution:

Givenx" —3x +2x =2;x(0) =0;x(0) =5
Taking Laplace transform on both sides, we get,

L[x"(©)] — 3L[x'(t)] + 2L[x()] = 2L(1)

[s2L[x(t)] = 5x(0) — x'(0)] = 3[sL[x(8)] — x(0)] + 2L[x(t)] = 2;
Substituting x(0) = 0;x'(0) = 5

[s2L[x(8)] — 0 — 5] — 3[sL[x(£)] — 0] + 2L[x(5)] = %

SPLIx(8)] = 3sLx(8)] + 2L[x(D)] = 2+ 5

SPLIx(D)] = 3sL[x(8)] + 2L[x(t)] = %+ 5

Put L[x(t)] = %

2 — 3T+ 28 =2+5

[s2—3s+2]x=%+5

S
(s—1D(s—2)% = 2;+ 5
2+5s
s(s—1)(s—2)

2+5s _A B
s(s—1)(s—2) T s os—1

X =

Consider + £
s—2

2455 _ A(s—1)(s—2)+Bs(s—2)+Cs(s—1)
s(s—1)(s—2) s(s—1)(s—2)
A(s—1)(s—2)+Bs(s—2)+Cs(s—1)=2+5s-- (1)
Puts =0in (1) Puts =1in (1) Puts =2in (1)
A(-1D)(=2) =2 B()(-1) =7 c2)(1)=2+10
A=1 B =-7 C=6

2+5s _1
s(s—1)(s—2) T



X = ;— 7 E =F 6;
1 1
x(©) = L[] =707 [ ]+ 6L ]

x(t) =1 —7et + 6e?
Example: 5.67 Using Laplace transform solve the differential equationy” — 3y — 4y =
withy(0) = 1 = y'(0).
Solution:
Giveny’ — 3y — 4y = 2e~t; withy(0) = 1 = y'(0).
Taking Laplace transform on both sides, we get,
Lly'(®)] = 3Ly (©)] — 4L[y(t)] = 2L(e™)
[s2LIy()] — sy(0) — y'(0)] — 3[sL[y(O)] — y(0)] — 4L[y(D)] = 2 -~

s+1
Substituting y(0) = 1 = y'(0).
2
[s’Ly(©)] —s — 1] = 3[sLly(D)] — 1] - 4Lly(D] =
SLY(O] = s =1 = 3sLly(0)] + 3 - 4Lly(D] = —
2
s?LIy(D)] = 3sLly(®)] — 4Ly(D)] = 7 +s—2
PUtLly(t)] ="y
_ 2
s?y=3sy-4y= —T+s-2
2 _ 2 e
[s? —3s —4]y= o ts 2
2 _ _ — 2+s(s+1)—2(s+1)
[s?2 —3s —4]y= —
— 2+sz+s—25—2
s+1
S —ZS
(s+1)(s = 4y="3
= SZ—S
Y= (s+1)(s+1)(s—4)
_ s2—s
Y= (s+1)2(s—4)
. s2—s _ A B C
Consider (+D)2(s—4)  s+1 | (s+D? = s—4
s2—s _ AG+D(s—4)+B(s—4)+C(s+1) ’
(s+1)2(s—4) (s+1)2(s—4)
A+D( -4 +B(s—4)+C(s+1)2=52—-5--(1)
Puts = —11in (1) Puts = 4in (1) equating the coefficients ofs?, we ge
—-5B=1+1 25C =16 -4 A+C=1=>A=1—C$1—E
B=2% c=2 A=18
5 25 25
s2—s 25 2 12

(+D2(s—4) _ 25(s+1)  5(s+1)2 v 25(s—4)




o B3 __2 . w
Y= 25(s+1)  5(s+1)2 = 25(s—4)

=By g2 1 L =L
y(®) =351k [(s+1)] 5L [(s+1)2]+25L =]

13 ¢ 2, 4, 12
t)="et —Ztet + Lot
y(® 25 5 25

2
Example: 5.68 Solve the differential equation%— 3 ddlt+ 2y = et withy(0)=1andy
Laplace transform.

Solution:

Giveny' — 3y + 2y = e~t; withy(0) = 1 and y'(0) = 1.
Taking Laplace transform on both sides, we get,

Lly"(®©)] = 3LIy' (O] + 2L[y()] = L(e™)

[s2LIy(O)] — s7(0) — ¥ (0)] = 3[sLIy(®)] — y(0)] + 2LIy(®)] = —
Substituting y(0) = 1 and y'(0) = 0.

[s2LLy(5)] = s — 0] = 3[sLy(®)] — 1] + 2L[y(®)] = —

SLIY(B)] - s = 3sLIy(®)] + 3 + 2L[y(D] = —
S2LLy(0)] = 3sLy(®] + 2Ly(®)] = 7 +5 -3
PutLly()] =7y
s%y— 3sy+ Zy= S%l+s—3

[s?2 —3s + 2]y= s%l+s—3

2_ _ S 3H)
[s2 —3s + 2]y= —
— 1+52+s—35—3
s+1
s —225—2
(s—=D(s—2)= —
_ 52—25—2
T (s+D(s—1)(s—2)
- 52—2s—2 A B c
Consider (+D(s—1)(s—2)  s+1 @ s—1 @ s—2
52—25—2 _ A(s=1)(s=2)+B(s+1)(s=2)+C(s+1)(s=1)
(s+1)(s—1)(s—2) (s+1)(s—1)(s—2)
A—D(—2)+B(s+1)(-2)+C(s+1)(s—1)=s2=25-2--(1)
Puts = —1in (1) puts = 1in (1) puts = 2 in (1)
6A=1+2-2 —2B=1-4 3C=4—-4-2
=1 -3 — 2
A= 6 B = 2 ¢ 3
. s2—25-2 1 3 7
U HD(s-D(-2) | 6(s+1)  2(s—-1) 3(s-2)

- 1 + 3. 2
Y= 6(s+1) 2(s—1) 3(s—2)




—17-171 ENr N SR
y(®) =L [(s+1)]+2L by L b
1

y(©) =zet + %et - %eZt
Example: 5.69 Using Laplace transform solve the differential equationy” + 2y’ — 3y =
withy(0) = y'(0) = 0.
Solution:

Giveny" + 2y — 3y = sint with y(0) = 0 = y'(0).

Taking Laplace transform on both sides, we get,

Lly'®] + 2Ly ()] = 3L[y(t)] = L(sint)

[s2LIy()] — sy(0) — ¥'(0)] + 2[sL[y(®)] — y(0)] = 3L[y(®)] = ﬁ
Substituting y(0) = 0 = y'(0).

[s2LLy()] — 0 — 0] + 2[sLly(5)] — 0] = 3L[y(D)] = —

s2+1
1
sPLIy(O] + 2sLly(®)] = 3Ly(®D] =
1
sPLIy(O] + 2sLly(®)] = 3Ly (O] =
PutLly(9)] =7y
- 1
SZy 25— 3y= e
2 _ .
[s? + 25 —3]y= =
1
(=D +3)y= o7
_ 1
Y= (s—1D)(s+3)(s2+1)
. 1 _ A | B | CstD
Consider (s—1)(s+3)(s2+1)  s—1  s+3 + s2+1
1 _ A5 +1)(s+3)+B(=1)(5 +D)+(Cs4D)(5=1)(5+3)
(s—1)(s+3)(s2+1) (s—1)(s+3)(s2+1)
A2+ 1D(+3)+Bs—1D(s?+ D)+ (Cs+D)(s—D(s+3)=1--(D
Puts =1in(1) Put s = —3in (1)| equating the coefficients ofs?, we get
BA=0+1 B(—4)(10) =1 A+B+(C=0>C=-A-B="+
=1 =t =t
4=3 B 40 ¢ 10

Puts = 0in (1), we get
34-B-3D=1=3+1-3p=1
8 40

3 1
3ap=3+1_1
8+40
3D=15+1_40$D=_24 $D=_—1
40 40%3 5
-1)s—1
1 _ 1 1 (ﬁ)s 3

(—D(s+3)(s2+1)  8(s—1)  40(s+3)  s2+1




o 11 s
T 8(s—1) 40(s+3) 10(s2+1)  5(s2+1)

y(©) =il =] -t [ - Lt - L

(=1
y(t) = —et - i—oe -3t — i—o(cost — 2sint)
Example: 5.70 Using Laplace transform solve the differential equationy” — 3y + 2y =
withy(0) = -3 and y' (0) = 5
Solution:

Giveny' — 3y + 2y = 4e?t; with y(0) = =3 andy (0) = 5.
Taking Laplace transform on both sides, we get,

LIy (®)] = 3Ly ()] + 2L[y(®)] = 4L(e*)

[s2Lly(®)] = sy(0) — y'(0)] = 3[sLLy(®)] — y(0)] + 2L[y(1)] = 4 S__12

Substitutingy(0) = —3 and y'(0) = 5.

4
s—2

[s’Lly(©)] + 3s — 5] = 3[sLly(®)] + 3] + 2L[y(D)] =

SLy(®)] + 35 — 5 — 3sLly()] — 9 + 2L[y(O)] = —

s2Lly(t)] — 3sL[y(t)] + 2L[y(t)] = — —3s + 14
PutL[y(8)] ==
Y- 3Sy+ Zy=  ———3s5+14

[s2 — 3s + 2]y= £+14—35

4+4(14—-3s)(s—2)

[s2 —3s + 2]y=
s—2

_ ) T 44(14—-3s)(s—2)
(s =1D(s—2)y —

44(14—3s)(s—2)
(s—1)(s—2)2
4+(14—3s)(s—2) A

. B Cc
nsigef ——~ = 4
el (s—1)(s—2)2 s—1 + + (s—2)2

y=

4+(14-3s)(s—2) — A(s—2) 2+B(s—1)(s—2)+C(s—1)
(s—1)(s—2)2 (s—1)(s—2)2

A(s—=2)?+B(s—1(s—2)+C(s—1) =4+ (14-35)(s—2)- (1)
Puts =1in (1) Puts = 2in (1) equating the coefficients ofs2, we get

A=4-11 C=4+0 A+B=-3=-7+B=-3
A=-7 C=4 B =4
HA43)G—2) _ 7 4 4 4

(s—1)(s—2)2 s—1  s-2  (s—2)2

= =0, A i

BY= 2+(sz)2

s—1

y(®) = =717 [ TH 4L [ ]+ 4L

(s 2)2]




1
= —7et + 42t + 4e2t]71 [52]

y(t) = —7et + 4e?t + 4e?tt
Example: 5.71 Using Laplace transform solve the differential equation y" — 4y  + 8y =
withy(0) = 2 and y'(0) = —2.

Solution:
Given y" — 4y + 8y = e2t; with y(0) = 2 andy (0) = —2.
Taking Laplace transform on both sides, we get,

LIy (] = 4L[y (0] + 8L[y(1)] = L(e?)

[s2Lly(®)] — sy(0) — ¥'(0)] — 4[sL[y(®)] — y(0)] + BL[y(1)] = ﬁ
Substituting y(0) = 2 andy (0) = —2.

[s2Lly(®)] — 2s + 2] — 4[sL[y(®)] — 2] + 8L[y(®)] = é

SLIy(®)] — 25 + 2 — 4sLly()] + 8 + BLIy(H)] = —

SPLIy ()] — 4sLIy(®)] + BL[y(®)] = — + 25 — 10

PutLly(t)] =7y
S%y—4syr 8y=  —+25—10

[s2 — 45 + 8]y= $+25—10

1+(25s—10)(s—2)
s—2

- 1+(2s5—-10)(s—2)

Y= (s—2)(s2—4s+8)

— 1+(25—10)(s—2)
G—2)[(s—2)7+4]

[s?2 —4s + 8]y=

1+(25-10)(s—2) _ A  B(s—2)+C
GG 2 2%

_ A[(s=2) 2+4-]+B[(s—2)+C] (s—2)
[s—2][(s—2)2+4]

Al(s =22+ 4] +B[(s—2)+Cl(s—2) = 1 + (2s — 10)(s — 2) -+ (1)

Consider

Puts =2in (1) Puts =0in (1) equating the coefficients ofs?, we get
4A=1+40 8A+4B—-2C=21| A+B=2=.+B=2

4 4
14(25-10)(s=2) _ I Gt
(s—2)[(s—2)2+4] s—2 (s—2)2+4
- 1 47 62 1

T 4(s—2) 4 (s—2)2+4 (s—2)2+4

1711 Tp-17_06=2 7_gr-17_1t

y(6) = 7k [(5—2)] N [(5—2)2+4] g [(5—2)2+4]

_ 1 2t 7 2ty—17_S 2t7—17_1
=-et + el [—] — 6L [—
4 4 [sz+4-] [sz+4-




1 7 in2t
=_e% + Lelcos2t — 62t T
4 4 2

y(t) = eZt +Z QZtCOSZt — 3e%tsin2t
Problems W|thout using Partial Fraction

Example: 5.72 Solve using Laplace transform ‘% 2 dx ctx= et, with x =
Solution:

Givenx” —2x" + x = e; x(0) = 2;x'(0) = —1
Taking Laplace transform on both sides, we get,

L[x"(©)] = 2L[x' ()] + Lx(6)] = L(e")

[s2L[x(8)] — sx(0) — x'(0)] — 2[sL[x()] — x(O)] + L[x(8)] = S_il
Substituting x(0) = 2; x'(0) = —1

[s2L[x()] — 2s + 1] — 2[sL[x(t)] — 2] + L[x(¢)] = ﬁ

S2LLx(8)] — 2sL{x(t)] + L[x()] = —+25 -5

s2L[x(t)] — 2sL[x(6)] + L[x(t)] = %1 +25—5

Put L[x(t)] = x

szf—25f+f=s_%+25—5

[52—25+1]f=$+25—5

—1)25 = L _
(s l)x—s_1+23 5

- 1 + 2s _ 5
X e T ez 1y
— 1 —1 _1
x(t) =L~ [( 1)3] [( 1)2] [( 1)2]
— ,t 1 1 _ t 1
= etl~ [ Sl +2L- [( 1)2] SetL=1 [ ]
_ tf 1 _Ept
=el -+ 2L~ [(s 1)2 = 1)2] Se't
—ett+2L 1[ —I+2L71 ] — 5ett

(s 1)2
=et tz—'+ 2et + 2etL™1 [iﬂ — Se't

2
= et % + 2et + 2ett — Sett

2t
wx =5 4 2et — 3ett




Exercise: Find the Inverse Laplace transformation of the followings:

6s —-10 4s +12
() —4s+ 20 ()s +8s +16
... 35-8 25+4
("U432—25 ( )s +25+5
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The Laplace transform is a well established mathematical technique for solving a
differential equation. Many mathematical problems are solved using
transformations. The idea is to transform the problem into another problem that is
easier to solve. On the other side, the inverse transform is helpful to calculate the
solution to the given problem.

For better understanding, let us solve a first-order differential equation with the help
of Laplace transformation,

Consider y'- 2y = e¥* and y(0) = -5. Find the value of L(y).
First step of the equation can be solved with the help of the linearity equation:
L(y" - 2y] = L(e*)

L(y") — L(2y) =1/(s-3)

(because L(e®) =1/(s-a))

L(y’) - 2s(y) =1/(s-3)

sL(y) - y(0) - 2L(y) =1/(s-3)

(Using Linearity property of the Laplace transform)
L(y)(s-2) + 5 =1/(s-3) (Use value of y(0) ie -5 (given))
L(y)(s-2) =1/(s-3) - 5

L(y) = (-5s+16)/(s-2)(s-3) ....(1)

here (-5s+16)/(s-2)(s-3) can be written as -6/s-2 + 1/(s-3) using partial fraction
method

(1) implies L(y) = -6/(s-2) +1/(s-3)
L(y) = -6e* + e*

Question: Solve  Y'+Y =t, Y(0)=1, Y'(0)=-2.

Solution: Given that, Y"+Y =t

Taking the Laplace transformation on both sides of the differential equation a
using the given conditions, we have L{Y"} + L{Y'} = L{t}



— 2y—sY(0)=Y'(0)+y = i_z
) 1
=S y—s+2+y:S—2

1 " S—2
s°(s? +1) s?+1
_1 01 . s 2
$ 241 241 P+l
1 S 3

_—+—_—
¢ 241 241

= y=

Again taking Inverse Laplace Transformations, we have

s 3
?+1 s*+1

LYy} =Y =L }

Y =t + cost —3sint

Question: Solve the following equations using Laplace transformations
Y '(t)+4Y(t)=12t, Y (0)=0, Y'(0)=7
Y'(t)-3Y () +2Y (1) = 4e*, Y (0)=-3, Y'(0)=5

43| P a
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Solve Y"—38Y’'+2Y = 4e*, Y(0) = —3, Y’(0) = 5.

We have £{Y") — 3L{Y) + 2.0{Y) = 4r{e®)
(s — s¥(0) — Y'O)} — Blsy—Y(O) + 2y =
{s2y + 88 — 5} — 3{sy +38} + 2y = si2
(82—88+2)y + 88 — 14 = :
8§—2
_ 4 14 — 38
Y T E—5t+-2 T #-8s+2
= —3s2 + 208 — 24
(s —1)(s—2)2
T 4
= Tt Guop
Thus Y = i f 7 —+ 4 + . L = —Tet + 4e2t + 4te2t

18-1 §s—2 (8—2)2J

which can be verified as the solution.
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5.9 SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE TRAN
TECHNIQUE

There are so many methods to solve a linear differential equation. If the initial conditi

then Laplace transform technique is easier to solve the differential equation. The Laplace trans
transforms the differential equation into an algebraic equation.
LIy ®] = sLly(®)] — y(0)
LIy"(®)] = s’Lly(®)] - sy(0) — y'(0)
Problems using Partial Fraction

Example: 5.66 Solve% -3 Z—’: + 2x = 2, given x = Oand %= 5 for t = Ousing Laplace tra
method.
Solution:

Givenx" —3x +2x =2;x(0) =0;x(0) =5
Taking Laplace transform on both sides, we get,

L[x"(©)] = 3L[x'(t)] + 2L[x(t)] = 2L(1)

[s2L[x()] = sx(0) — x'(0)] — 3[sL[x(8)] — x(0)] + 2L[x(t)] = 2;
Substituting x(0) = 0;x'(0) = 5

[s2L[x(8)] — 0 — 5] — 3[sL[x(£)] — 0] + 2L[x(5)] = %

SPLIx(8)] = 3sLx(8)] + 2L[x(D)] = 2+ 5

SPLIx(D)] = 3sL[x(8)] + 2L[x(t)] = %+ 5

Put L[x(t)] = %

2 — 3T+ 28 =2+5

[s2—3s+2]x=%+5

S
(s—1D(s—2)% = 2;+ 5
2+5s
s(s—1)(s—2)

2+5s _A B
s(s—1)(s—2) T s os—1

X =

Consider + £
s—2

2455 _ A(s—1)(s—2)+Bs(s—2)+Cs(s—1)
s(s—1)(s—2) s(s—1)(s—2)
A(s—1)(s—2)+Bs(s—2)+Cs(s—1)=2+5s-- (1)
Puts =0in (1) Puts =1in (1) Puts =2in (1)
A(-1D)(=2) =2 B()(-1) =7 c2)(1)=2+10
A=1 B =-7 C=6

2+5s _1
s(s—1)(s—2) T



X = ;— 7 E =F 6;
1 1
x(©) = L[] =707 [ ]+ 6L ]

x(t) =1 —7et + 6e?
Example: 5.67 Using Laplace transform solve the differential equationy” — 3y — 4y =
withy(0) = 1 = y'(0).
Solution:
Giveny’ — 3y — 4y = 2e~t; withy(0) = 1 = y'(0).
Taking Laplace transform on both sides, we get,
Lly'(®)] = 3Ly (©)] — 4L[y(t)] = 2L(e™)
[s2LIy()] — sy(0) — y'(0)] — 3[sL[y(O)] — y(0)] — 4L[y(D)] = 2 -~

s+1
Substituting y(0) = 1 = y'(0).
2
[s’Ly(©)] —s — 1] = 3[sLly(D)] — 1] - 4Lly(D] =
SLY(O] = s =1 = 3sLly(0)] + 3 - 4Lly(D] = —
2
s?LIy(D)] = 3sLly(®)] — 4Ly(D)] = 7 +s—2
PUtLly(t)] ="y
_ 2
s?y=3sy-4y= —T+s-2
2 _ 2 e
[s? —3s —4]y= o ts 2
2 _ _ — 2+s(s+1)—2(s+1)
[s?2 —3s —4]y= —
— 2+sz+s—25—2
s+1
S —ZS
(s+1)(s = 4y="3
= SZ—S
Y= (s+1)(s+1)(s—4)
_ s2—s
Y= (s+1)2(s—4)
. s2—s _ A B C
Consider (+D)2(s—4)  s+1 | (s+D? = s—4
s2—s _ AG+D(s—4)+B(s—4)+C(s+1) ’
(s+1)2(s—4) (s+1)2(s—4)
A+D( -4 +B(s—4)+C(s+1)2=52—-5--(1)
Puts = —11in (1) Puts = 4in (1) equating the coefficients ofs?, we ge
—-5B=1+1 25C =16 -4 A+C=1=>A=1—C$1—E
B=2% c=2 A=18
5 25 25
s2—s 25 2 12

(+D2(s—4) _ 25(s+1)  5(s+1)2 v 25(s—4)




o B3 __2 . w
Y= 25(s+1)  5(s+1)2 = 25(s—4)

=By g2 1 L =L
y(®) =351k [(s+1)] 5L [(s+1)2]+25L =]

13 ¢ 2, 4, 12
t)="et —Ztet + Lot
y(® 25 5 25

2
Example: 5.68 Solve the differential equation%— 3 ddlt+ 2y = et withy(0)=1andy
Laplace transform.

Solution:

Giveny' — 3y + 2y = e~t; withy(0) = 1 and y'(0) = 1.
Taking Laplace transform on both sides, we get,

Lly"(®©)] = 3LIy' (O] + 2L[y()] = L(e™)

[s2LIy(O)] — s7(0) — ¥ (0)] = 3[sLIy(®)] — y(0)] + 2LIy(®)] = —
Substituting y(0) = 1 and y'(0) = 0.

[s2LLy(5)] = s — 0] = 3[sLy(®)] — 1] + 2L[y(®)] = —

SLIY(B)] - s = 3sLIy(®)] + 3 + 2L[y(D] = —
S2LLy(0)] = 3sLy(®] + 2Ly(®)] = 7 +5 -3
PutLly()] =7y
s%y— 3sy+ Zy= S%l+s—3

[s?2 —3s + 2]y= s%l+s—3

2_ _ S 3H)
[s2 —3s + 2]y= —
— 1+52+s—35—3
s+1
s —225—2
(s—=D(s—2)= —
_ 52—25—2
T (s+D(s—1)(s—2)
- 52—2s—2 A B c
Consider (+D(s—1)(s—2)  s+1 @ s—1 @ s—2
52—25—2 _ A(s=1)(s=2)+B(s+1)(s=2)+C(s+1)(s=1)
(s+1)(s—1)(s—2) (s+1)(s—1)(s—2)
A—D(—2)+B(s+1)(-2)+C(s+1)(s—1)=s2=25-2--(1)
Puts = —1in (1) puts = 1in (1) puts = 2 in (1)
6A=1+2-2 —2B=1-4 3C=4—-4-2
=1 -3 — 2
A= 6 B = 2 ¢ 3
. s2—25-2 1 3 7
U HD(s-D(-2) | 6(s+1)  2(s—-1) 3(s-2)

- 1 + 3. 2
Y= 6(s+1) 2(s—1) 3(s—2)




—17-171 ENr N SR
y(®) =L [(s+1)]+2L by L b
1

y(©) =zet + %et - %eZt
Example: 5.69 Using Laplace transform solve the differential equationy” + 2y’ — 3y =
withy(0) = y'(0) = 0.
Solution:

Giveny" + 2y — 3y = sint with y(0) = 0 = y'(0).

Taking Laplace transform on both sides, we get,

Lly'®] + 2Ly ()] = 3L[y(t)] = L(sint)

[s2LIy()] — sy(0) — ¥'(0)] + 2[sL[y(®)] — y(0)] = 3L[y(®)] = ﬁ
Substituting y(0) = 0 = y'(0).

[s2LLy()] — 0 — 0] + 2[sLly(5)] — 0] = 3L[y(D)] = —

s2+1
1
sPLIy(O] + 2sLly(®)] = 3Ly(®D] =
1
sPLIy(O] + 2sLly(®)] = 3Ly (O] =
PutLly(9)] =7y
- 1
SZy 25— 3y= e
2 _ .
[s? + 25 —3]y= =
1
(=D +3)y= o7
_ 1
Y= (s—1D)(s+3)(s2+1)
. 1 _ A | B | CstD
Consider (s—1)(s+3)(s2+1)  s—1  s+3 + s2+1
1 _ A5 +1)(s+3)+B(=1)(5 +D)+(Cs4D)(5=1)(5+3)
(s—1)(s+3)(s2+1) (s—1)(s+3)(s2+1)
A2+ 1D(+3)+Bs—1D(s?+ D)+ (Cs+D)(s—D(s+3)=1--(D
Puts =1in(1) Put s = —3in (1)| equating the coefficients ofs?, we get
BA=0+1 B(—4)(10) =1 A+B+(C=0>C=-A-B="+
=1 =t =t
4=3 B 40 ¢ 10

Puts = 0in (1), we get
34-B-3D=1=3+1-3p=1
8 40

3 1
3ap=3+1_1
8+40
3D=15+1_40$D=_24 $D=_—1
40 40%3 5
-1)s—1
1 _ 1 1 (ﬁ)s 3

(—D(s+3)(s2+1)  8(s—1)  40(s+3)  s2+1




o 11 s
T 8(s—1) 40(s+3) 10(s2+1)  5(s2+1)

y(©) =il =] -t [ - Lt - L

(=1
y(t) = —et - i—oe -3t — i—o(cost — 2sint)
Example: 5.70 Using Laplace transform solve the differential equationy” — 3y + 2y =
withy(0) = -3 and y' (0) = 5
Solution:

Giveny' — 3y + 2y = 4e?t; with y(0) = =3 andy (0) = 5.
Taking Laplace transform on both sides, we get,

LIy (®)] = 3Ly ()] + 2L[y(®)] = 4L(e*)

[s2Lly(®)] = sy(0) — y'(0)] = 3[sLLy(®)] — y(0)] + 2L[y(1)] = 4 S__12

Substitutingy(0) = —3 and y'(0) = 5.

4
s—2

[s’Lly(©)] + 3s — 5] = 3[sLly(®)] + 3] + 2L[y(D)] =

SLy(®)] + 35 — 5 — 3sLly()] — 9 + 2L[y(O)] = —

s2Lly(t)] — 3sL[y(t)] + 2L[y(t)] = — —3s + 14
PutL[y(8)] ==
Y- 3Sy+ Zy=  ———3s5+14

[s2 — 3s + 2]y= £+14—35

4+4(14—-3s)(s—2)

[s2 —3s + 2]y=
s—2

_ ) T 44(14—-3s)(s—2)
(s =1D(s—2)y —

44(14—3s)(s—2)
(s—1)(s—2)2
4+(14—3s)(s—2) A

. B Cc
nsigef ——~ = 4
el (s—1)(s—2)2 s—1 + + (s—2)2

y=

4+(14-3s)(s—2) — A(s—2) 2+B(s—1)(s—2)+C(s—1)
(s—1)(s—2)2 (s—1)(s—2)2

A(s—=2)?+B(s—1(s—2)+C(s—1) =4+ (14-35)(s—2)- (1)
Puts =1in (1) Puts = 2in (1) equating the coefficients ofs2, we get

A=4-11 C=4+0 A+B=-3=-7+B=-3
A=-7 C=4 B =4
HA43)G—2) _ 7 4 4 4

(s—1)(s—2)2 s—1  s-2  (s—2)2

= =0, A i

BY= 2+(sz)2

s—1

y(®) = =717 [ TH 4L [ ]+ 4L

(s 2)2]




1
= —7et + 42t + 4e2t]71 [52]

y(t) = —7et + 4e?t + 4e?tt
Example: 5.71 Using Laplace transform solve the differential equation y" — 4y  + 8y =
withy(0) = 2 and y'(0) = —2.

Solution:
Given y" — 4y + 8y = e2t; with y(0) = 2 andy (0) = —2.
Taking Laplace transform on both sides, we get,

LIy (] = 4L[y (0] + 8L[y(1)] = L(e?)

[s2Lly(®)] — sy(0) — ¥'(0)] — 4[sL[y(®)] — y(0)] + BL[y(1)] = ﬁ
Substituting y(0) = 2 andy (0) = —2.

[s2Lly(®)] — 2s + 2] — 4[sL[y(®)] — 2] + 8L[y(®)] = é

SLIy(®)] — 25 + 2 — 4sLly()] + 8 + BLIy(H)] = —

SPLIy ()] — 4sLIy(®)] + BL[y(®)] = — + 25 — 10

PutLly(t)] =7y
S%y—4syr 8y=  —+25—10

[s2 — 45 + 8]y= $+25—10

1+(25s—10)(s—2)
s—2

- 1+(2s5—-10)(s—2)

Y= (s—2)(s2—4s+8)

— 1+(25—10)(s—2)
G—2)[(s—2)7+4]

[s?2 —4s + 8]y=

1+(25-10)(s—2) _ A  B(s—2)+C
GG 2 2%

_ A[(s=2) 2+4-]+B[(s—2)+C] (s—2)
[s—2][(s—2)2+4]

Al(s =22+ 4] +B[(s—2)+Cl(s—2) = 1 + (2s — 10)(s — 2) -+ (1)

Consider

Puts =2in (1) Puts =0in (1) equating the coefficients ofs?, we get
4A=1+40 8A+4B—-2C=21| A+B=2=.+B=2

4 4
14(25-10)(s=2) _ I Gt
(s—2)[(s—2)2+4] s—2 (s—2)2+4
- 1 47 62 1

T 4(s—2) 4 (s—2)2+4 (s—2)2+4

1711 Tp-17_06=2 7_gr-17_1t

y(6) = 7k [(5—2)] N [(5—2)2+4] g [(5—2)2+4]

_ 1 2t 7 2ty—17_S 2t7—17_1
=-et + el [—] — 6L [—
4 4 [sz+4-] [sz+4-




1 7 in2t
=_e% + Lelcos2t — 62t T
4 4 2

y(t) = eZt +Z QZtCOSZt — 3e%tsin2t
Problems W|thout using Partial Fraction

Example: 5.72 Solve using Laplace transform ‘% 2 dx ctx= et, with x =
Solution:

Givenx” —2x" + x = e; x(0) = 2;x'(0) = —1
Taking Laplace transform on both sides, we get,

L[x"(©)] = 2L[x' ()] + Lx(6)] = L(e")

[s2L[x(8)] — sx(0) — x'(0)] — 2[sL[x()] — x(O)] + L[x(8)] = S_il
Substituting x(0) = 2; x'(0) = —1

[s2L[x()] — 2s + 1] — 2[sL[x(t)] — 2] + L[x(¢)] = ﬁ

S2LLx(8)] — 2sL{x(t)] + L[x()] = —+25 -5

s2L[x(t)] — 2sL[x(6)] + L[x(t)] = %1 +25—5

Put L[x(t)] = x

szf—25f+f=s_%+25—5

[52—25+1]f=$+25—5

—1)25 = L _
(s l)x—s_1+23 5

- 1 + 2s _ 5
X e T ez 1y
— 1 —1 _1
x(t) =L~ [( 1)3] [( 1)2] [( 1)2]
— ,t 1 1 _ t 1
= etl~ [ Sl +2L- [( 1)2] SetL=1 [ ]
_ tf 1 _Ept
=el -+ 2L~ [(s 1)2 = 1)2] Se't
—ett+2L 1[ —I+2L71 ] — 5ett

(s 1)2
=et tz—'+ 2et + 2etL™1 [iﬂ — Se't

2
= et % + 2et + 2ett — Sett

2t
wx =5 4 2et — 3ett




Week 6
Topics: L-R Circuit problem
Pages (51-55)

APPLICATIONS TO ELECTRICAL CIRCUITS

A simple electrical circuit [Fig. 3-2] con-
sists of the following circuit elements con-
nected in series with a switch or key K:

1. a generator or battery, supplying an elec-
tromotive force or e.m.f. E (volts),

2. a resistor having resistance R (ohms),

3. an inductor having inductance L (henrys),
4. a capacitor having capacitance C (farads).

These circuit elements are represented symboli-
cally as in Fig. 3-2.




When the switch or key K is closed, so that the circuit is completed, a charge @
(coulombs) will flow to the capacitor plates. The time rate of flow of charge, given by

Z—?zl, is called the current and is measured in amperes when time ¢ is measured in
seconds.

More complex electrical circuits, as shown for example in Fig. 3.3, can occur in
practice.

K
N {E)— S
>/ P
C,
: i e
B D
I
I
M A F Q
IzWH L &
S
Fig. 3-3

An important problem is to determine the charges on the capacitors and currents as
functions of time. To do this we define the potential drop or voltage drop across a circui
element.

(a) Voltage drop across a resistor = RI = RZ—?
2
(b) Voltage drop across an inductor = L% = L%i?
(¢) Voltage drop across a capacitor = %
(d) Voltage drop across a generator = —Voltage rise = —F

The differential equations can then be found by using the following laws due to Kirchhoff.

Kirchhoff’s Laws

1. The algebraic sum of the currents flowing toward any junction point [for example A
in Fig. 3-3] is equal to zero.

2. The algebraic sum of the potential drops, or voltage drops, around any closed loop
[such as ABDFGHA or ABDFQPNMA in Fig. 3-3] is equal to zero.

For the simple circuit of Fig. 3-2 application of these laws is particularly easy [the
first law is actually not necessary in this case]. We find that the equation for determina-

tion of Q is Q 4 . @
LW + R aE + el = F (8)
By applying the laws to the circuit of Fig. 3-8, two simultaneous equations are obtained

53|Pa
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Question: An inductor of 2 henrys, a resistor of 16 ohms and a capaci
farads are connected in series with an electromotive force (e.m.f) of 30
t =0 the charge on the capacitor and current in the circuit is zero. Find
and current at any timet > 0.

Solution: Let Q and I be the instantaneous charge and current respectivel
t.

-®
2h — .02 fd
16 ohms
By Kirchhoff’s Laws, we have 2‘;—1+16| + % =300 .- )
2
since 1=92 | so (1) becomes 29°Q 1699 , 500 = 300
dt dt? dt
or, 994899 250-150 ... @)
dt>  dt

with the initial conditions Q(0)=0, 1(0)=Q'(0)=0

Taking Laplace transformation in (2), we find

@2 do
L{__ +8__+ 25Q} = L{150
(- + 8 +250} = £{150)

150
S

= {$9-5Q(0)-Q/(0) }+8{sq-Q(0) }+25q =
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= 520 +8s( + 25q _ ey

s

150

= (s*+8s+25)q = e
150

— 9= s(s*+8s+25)

- qZQ_MZQ_G S+4)+24
S s+85+25 s (s+4)2+g
6 4
L gq=2- (S+2 ) 242 ‘‘‘‘‘ @
S (s+4)'+3 (s+4)'+%
Taking inverse Laplace transformation in (3), we get
1 1 {6 6(s +4) 24
L_ = L_ — = —
{q} S (S + 4‘)2 + 32 (S + 4)2 + 32}

~Q=6-6e"cos3t—8e*sin3t

The current of the circuit is

| = %—? =24 cos3t+32e*sin3t+18e*sin3t—24 e* cos3t =50 e sin 3t
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Solving Electrical Circuits Problem

Problem: From the theory of electrical circuits we know, i = ('fi_'_'

. ; 20 i ; dt, .
where C is the capacitance, i = i(t) is the electric current , and v = v(t) is the voltage.
We have to find the correct expression for the complex impedance of a capacitor.
Solution:

= Toking the Laplace transform of this equation, we obtain, 1(s) = C(sV(s) = V5),

Where, 1(8) = £lil}. gng v, = o(t)|ie.
/ V(s) = C{x(t)}

s .. ¥

g —

= Solving for V(s) we have y(s) =

s s

‘.(\I

= We know, Zz(s)= o) .
(8) IV,=0

So we find:

1
Z(h, = ?

which is the correct expression for the complex impedance of a capacitor.




Question: An inductor of 3 henrys, a resistor of 30 ohms and an electromotive for
(e.m.f) of 150

volts. At t =0 the current in the circuit is zero. Find the current at any time, t>0.

Question: An inductor of 2 henrys, a resistor of 16 ohms and a capacitor of 0.02
farads are connected in series with an electromotive force (e.m.f) of 100 volts. At
t =0 the charge on the capacitor and current in the circuit is zero. Find the charge
and current at any timet > 0.

Week 7
Topics: Beam related problem

Pages (56-58)




APPLICATIONS TO BEAMS
18. A beam which is hinged at its ends 2 =0

d 2=1 Fig. 3-13 i i-
and ==Tloee T B8] cari auni {11111
deflection at any point. : o a

The differential equation and boundary con-
ditions are

ay _ W
a4t = FT 0<z<li 1)

Y

Fig. 3-13
Y(0)=0, Y'(0)=0, Y() =0, Y'(D=0 (2)
Taking Laplace transforms of both sides of (), we have, if y = y(s) = £{Y(2)},

Wo

sy — s3Y(0) — 82Y'(0) — sY"(0) — Y''(0) Els

Using the first two conditions in (2) and the unknown conditions Y’(0) = ¢,, Y'”(0) = ¢,, we find

& C2 Wo
v = gtat Els
Then inverting,
e 0233 WO x* _ 0233 Wox‘
Y@ = ex + 3+ grag = o+ 5+ gmr
From the last two conditions in (2), we find
_ WeB _ Wyl
¢ = ZE; % T T3ET
Thus the required deflection is
Y(x) = S TS SO SR 3 1— 2)(l2+ Iz — a2
¥ = 3aEr ) = gmaErrd—a) =3
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Fourier Series

Week 8
Topics: Fourier analysis

Pages (58-70)




Fourier Series

Periodic Functions




The Mathematic
Formulation

» Any function that satisfies

f(t)=f(t+T)

where T Is a constant and is called the p
of the function.




Example:

t e
f (t) = COS— + COSL Find its period.
3 4

t t 1 1
fW)=f@+T COS—+C0S— =CcoS—(t+T)+cos—
()= (t+T) == cOs +C0S, =cos (t+T)+cos’

Fact: cos6 =cos©+2mmn)

‘ ‘ T =241 smalle

3
%=2nn T =8nn




Example:

f (t) =cosm,t +Ccosm,t Findits period.

f(t)=f(t+T) wmp COSwt+COS®,t=COSw,(t+T)+COS

(01T=2m7'C - (Dl_m ‘ & must be
@, N ®, rational

@1 = 2N number




Example:

f (t) =c0osl0t +cos@ 0+ m)t

Is this function a periodic one?

o, 10 not a rational
o, 10+mx number




Some Important Functions:

Periodic Functions:

A function f(x) is said to have a period P or to be periodic with periodic P if for a
f(x+P)=f(x), where P is a positive constant. The least value of P>0 is called the |
period or simply the period of f(x).

Ex1: The functions sinx and cosx has periods 2z, 4x, 67, ..... However, 2z is the le
period or periods of sinx and cosx.

Ex2: The period of tanx is =.

Ex.3: A costant has any positive number as a period.

Piecewise Continuous Functions:

A function f(x) is said to be piecewise continuous in an interval (i) the interval can be
divided into a finite number of subintervals in each of which f(x) is continuous and (ii)
the limits of f(x) as x approaches the endpoints of each subintervals are finite.

if x>0 . : . ] :
. IS a PICCCWISEC continuous function.
-x, 1f x<0

EX: /(x)= |- {x'
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Introduction

» Decompose a periodic input signal into primitive periodic
components.

A

f(t)

A periodic sequence

AN

VRV RV




Synthesis

a =z 2Nt &
f(t)=—2+) a,cos + b, sin
2 n=1 n=1
— - — — = —
DC Part Even Part Odd Part

—

T is a period of all'the above signals

Let wy=2n/T.
f(t)= % + i a, cos(nw,t) + ibn sin(n
n=1 n=1




Fourier Coefficients of Even
Functions

f(t) = f(t)

4 T/2f q
a -B jo (t) cos(nw,t)dt




Fourier Coefficients of Odd
Functions

f(t) =—f (~t)
\

.

f(t) =) b, sinnam,t
n=1

ﬂ

4 oT/2 )
bnz? jo f (t)sin(new,t)d




Even and Odd Functions:

A function f(x) is called even function if f(-x)=f(x) and is called odd func
X)=-f(x).

Ex: x2, x4 x8, cosx, secx are even functions.
Ex: x3, x5, x’, sinx, tan3x are odd functions.
Fourier Series:

Let f(x) be defined in the interval (-L, L) and determined outside of this int
f(x+2L)=f(x), i.e. assume that f(x) has the period 2L. The fourier series or
expansion corresponding to f(x) is defined to be

8 < N7 X . nnx)
f(xX)=—+ ) | a, cos +Db, sin
(9~ %2 +3(a,c08™+b,sin"™

n=1

Where the fourier coefficients ao, a, and b, are

1 L
aO:E_ILf(x)dx
1§ nmx
a, _EI f(x)cosde ,n=012.....

-L

1 L
b, == [ f (sin
- L L

Problems: Graph each of the following functions:
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3 O<x<5

f = Period =10
(a) (X) {—3 -5<x<0 erio

sin x 0<x<m .
b) f (x)= Period =2
(B) 709 {0 T <X<2m &
[0 0<x<2
(c) f(x)=131 2<x<4 Period =6
0 4<Xx<6
Solution: (a)
flx)
l
«— Period —»
S e e — ———— ————
3
] i i i i 1) T T 1 T T
— 23 — 20 - 15 —10 — 3 0 i .'._-_10 Ii—_fo 25__-

Since the period is 10, the portion of the graph in -5<x<5 which is indicated
heavily is extended periodically outside of the range which is indicated in dashed.
It is noted that f(x) is not defined at x=0, 5, -5, 10, -10, 15, -15, 20...These are th
discontinuous point of f(x).

(b)

fl=z)
.~ Peried — =

e /’_\\
\ , \ _/\
S, W . S — — -
-0 — r

i
—3r |o T
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Since the period is 2z, the portion of the graph in 0<x<2z which is indica
heavily is extended periodically outside of the range which is indicated i
It is noted that f(x) is defined for all x, and is continuous everywhere.

©

= == =T ™ - f T = L =T
=12 -10 -8 -8 —4 -2 0 2 4 [ L]

Since the period is 6, the portion of the graph in 0<x<6 which is indicated hea
Is extended periodically outside of the range which is indicated in dashed. It is
noted that f(x) is defined for all x, and x=-2, 2, -4, 4, -8, 8 .. .are the discontinuo
point of f(x).s

Week 9
Topics: Graph of functions

Pages (70-73)

Problems:

Classify each of the following functions according as they are even, odd or neithe
even nor odd.
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O0<x<3

2 .
(a)f(x)_{_2 - Period =6

COS X 0<x<m

f = i =]
(b) f(x) {0 o Period =21

(c) f(x)=x(10-x), 0<x<10 Period =6

Solution:

(a) The graphical representation of the given function is

flx)
_____ ] [ —
- [ I '_ i T
—6 -3 3 L}
B D e o ——

From the above figure we can see that the function is symmetric about the origi
So, it is seen from the figure that f(-x)=-f(x), Hence the function is odd.

(b) The graphical representation of the given function is as follows

flx)
- 1 -
“ Y
\ \

S \ S N
- \ ™ 0 T I \
-2 Y —r \r 2r .

» N
\‘- -~

From the above figure we can see that the function is neither even nor o

© The graphical representation of the given function is



f(z)

From the above figure we can see that the function is symmetric about y-axis.
it is seen from the figure that f(-x)=f(x), Hence the function is even.

Exercisel: Graph each of the following functions and classify them according a
they are even, odd or neither even nor odd.

8 O<x<?2 . —X -4<x<0 .
(a)f(x)_{_8 oyt Period =4 (b)f(x)—{X 0<x<d Period =8
0<x<3
(c) f(x)=4x, 0<x<10 Period =10 (d)f(x)z{gx _3_:<0 Period =6

Week 10
Topics: Dirichlet condition, Parsival’s
Identity Pages (73-75)

Dirichlet conditions for Fourier series
A set of Dirichlet conditions for the convergence of Fourier series are:

(2) a function "f" must be absolutely integrable over a period.

74| P a




(2) a function "f" has bounded variation over one time period. The functi
bounded variations can have

(1) at most a countably infinite number of maxima and minima, and

(i1) at most a countably infinite number of finite discontinuities.

Dirichlet conditions for Fourier transform
A set of Dirichlet conditions for the convergence of Fourier transform are:
(1) a function "f" is absolutely integrable over the entire duration of time.

(2) a function "f" has bounded variation over the entire duration of time. The
functions with bounded variations can contain (i) at most a countably infinite
number of maxima and minima, and (ii) at most a countably infinite number
finite discontinuities.

Dirichlet conditions are sufficient but not necessary conditions.

Parseval’s ldentity:Let the Fourier series corresponding to f(x) converges

uniformly in (-L,L), then the Parsival’s Identity is

1 2 S 2 2
t_jL{f(x)} dx:%o+nz_1:(an +b?)

Where ao,an and by are Fourier coefficients respectively.

Parseval’s ldentity:Let the Fourier series corresponding to f(x) converges

uniformly in (-L,L), then the Parsival’s Identity is
1¢ 2 & NO(a2 . h2
f-[ {f(x)} dx:—2 +> (a2 +b7)

L n=1
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Where ap,an and b, are Fourier coefficients respectively.

Proof:

If f(x)=%+i(an cosnLLX+bnsin nLLX) ............ 2

n=1

Then multiplying (1) by f(x) and integrating term by term from —L to L we g
L

j {f (X)}f =320 TL f (%) +§|(anfL f (X) cos”LLX+bn_jLL f (x)sin ”LLX}

-L

:%‘ZJ L+Lg(a§+b§)

So EJL. {F(x)) _3 +i(a2+b2)
’ L_L 2 - n h

Where we have used the results

'L[ f (x)dx = Lao,j f (x) cos

-L -L

L
nm X . nmX
——dx=La,, | f(x)sin——dx=Lb,...... 2

2 IL x) 5 )

Is obtained from the Fourier Coefficients. Hence the Parsival’s identity is proved.

Week 11
Topics: mathematics of parsival’s Identity

Pages (76-80)
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Problem: (a) Expand f(x)=x, 0<x<2 in a half range cosine series.(b) Write

Parsival’s Identity corresponding to the Fourier series of (a).(c) Determine

the sum S of the series

Solution:

(a) Extend the definition of the given function to that of the even function of pe
4 which is shown in the below figure. This is sometimes called the even exte
of f(x). Then 2L=4, L=2.

Thus b,=0,

2

L
f (x cos— dx =2 f (x)cos "X dx
'-! 4 2j 2

0

o 2(cosmt -1)ifn=0

{(x)( 2 smnr:x}_(l)L

_XN
2 Ji|,”
If n=0, aO:dex:Z
0

Then f (x) =1+ ) % (cos nit —1) cos anx
T

n=1

=1- 8 cos —+ chos 37C—X+ chos 5TE—X+ ....... )
72 2 3 2 b5 2
(b) From (a) we get,

4
L=2,a, =24, = W(cos nt -1),n#0;b, =0

Then Parseval’s identity becomes
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2

12 1 22 & 16
Z_Iz{ ()} 2j‘xdx > +§n4n4(cosnn 1)

-2

8 64(1 1 1 p
=2+ S S
r 3 n4(14 3¢ 54+ J

o 1,11, ™
14 3* 5+ TV 96
© Here,

i.e fromwhich, S =74
90

Exercise5: (a) Expand f(x)=x, 0<x<2 in a half range sine series.(b) Write
Parsival’s Identity corresponding to the Fourier series of (a).
Exerciseb6: (a) Expand f(x)=x, 0<x<4 in a half range cosine series.(b) Writ

Parsival’s Identity corresponding to the Fourier series of (a).
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Exercise7: (a) Expand f(x)=x, 0<x<4 in a half range sine series.(b) Write

Parsival’s Identity corresponding to the Fourier series of (a).

Week 12
Topics: Fourier Series Related mathematics

Pages (78-80)

Problem:

(a) Find the Fourier coefficients corresponding to the function

f(x):l0 o<x<0 Period =10
13 0<x<5

(b) Write the corresponding Fourier series.

Solution: The graph of f(x) is as follows

f(x)|
——  Period -
3
t
| T “ T B 5 | L
-1 -10 -85 5 10 15

(a) Period=2L=10 and L=5. Choose the interval c to c+2L as -5 to 5; so that

Then




1 nmx, 1t nmx
a, =T I f(x)cosde_gj f (x) cos de

c -5

:E” 0.cos "X dx + j3.cos mdx;
5 L 5 0 5 J

=5

5

=§jCOS@dx:3(isinﬂ) =0 if n20

59 5 5(nt 5

0

1% : 3
If n=0, a, =a, :§I3.cos ?dx=5j3-dx=3
0

0

il #t . nex, 1% _ nmX
b, =T j f(sin ——=dx = = jS f (x)sin —==dx

= lﬂg 0.sin X dx + j3.sin ﬂdxﬂ|
5 | 5 o 5 |J

-5

°  3(1-cosnm)
0 nn

=§jsin@dx = E[—iscos ”“X)
5, 5 5\ nm 5

(b) The corresponding Fourier series is

nm X . NmX

sin M+ lsin eﬂ+ lsin Eﬂ+ ........ )
5 3 5 5 J




. 0 -5<x<0 : .. 8 2<x<0 .
f(x)= Period =1 f(X)= P
Hf () {3 0y ok eriod =10 (i) f (X) {0 0y <2 eriod
|0 -3<x<0 . , _|-2 -3<x<0 :
(iii) f (x) = {4 0y <3 Period =6  (iv) f (x) = {2 0y <3 Perio
(-3 5<x<0 o . |8 -4<x<0 .
(v)f(x)_{3 0y ok Period =10 (w)f(x)-{_8 0 x<d Perio
Week 13
Topics: Half range
Fourier Series

Pages (80-90)

Half range Fourier sine or cosine Series:

A half-range Fourier sine or cosine series is a series in which only sine terms or onl
cosine terms are present, respectively. When a half-range series corresponding to a
given function is desired, the function is generally defined in the interval (0, L) and
then the function is specified as odd or even. In such case, we have

2% : . .
a,=0, b, :EI f (x)sin nLLde for half - range sine series
0

b =0 a :Ej f (x)cos nmx dx for half - range cosine series
{ n n L L

0

Problem3: Expand f(x)=x, 0<x<2, in a half range (a) sine series, (b) cosine serie
Solution:

(a) Extend the definition of the given function to that of the odd function of p
4 which is shown in the below figure. This is sometimes called the odd exte
of f(x). Then 2L=4, L=2.
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Thus a,=0 and

nm X _ nm X
b, __jf(x)sm ’i dx = 2]-‘f(X)sm ’; dx

0

s cos Nt

- {(x)(— nZn cos ;nx \J_ (1)( n;4

o

00

Then f (x) = chos nm sin anx

n=1

4 smﬂ—ism 2Tl:x+:|'3m 371:—)(— ....... \
T 2 2 J

(b) Extend the definition of the given function to that of the even function of pe
4 which is shown in the below figure. This is sometimes called the even extensic

of f(x). Then 2L=4, L=2.
Thus by=0,

2§ X gy _ nmx
nztjf(x)cos X dx = 2j‘f(x)cosL dx
0 0

_ {(X)(L nZTc sin r;nx\J_ (1)( n;

_X\
2 Jfl, ™
2
If n=0, aozjxdx=2

Then f (x) =1+ ). —— - - ~(cos nm 1) cos %X
TC

n=1

=1- 8 cos—+%cos?ﬂ+%0055n—x+ ....... \
72 2 3 2 5 2
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It should be noted that although both series of (a) and (b) represent f(x) in the
interval 0<x<2, the second series converge more rapidly.

Exercise 4: Expand the followings functions in a half range (a) sine series, (b)
cosine series.

() f(x)=4 0<x<4
(i)f(x)=ax, 0<x<2 where a is any arbitrary constant.
() f(x)=x, 0<x<n
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Non-Periodic Function
Representation

—

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Without Considering
Symmetry

T

Aa
L ]
I L ]
...

2
*
’.

*

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Expansion Into Even
Symmetry

° i . oo . q . of 05,8 .
ooooooooooooooo

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Expansion Into Odd Symmetry

T=2t"

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Expansion Into Half-Wave
Symmetry

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Expansion Into
Even Quarter-Wave Symmetry

a®

T/2=21
T K

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Expansion Into
Odd Quarter-Wave Symmetry

D]

1

T

Chd e
o G
L “
- o o —
., K
L] .
A tay as® rl
I o*
. -
. .0
“ N
.
»

» A non-periodic function f(t) defined over (0, 1) can be expanded in
Fourier series which is defined only in the interval (0, 1).




Week 14

Topics: Orthogonality
Pages (90-101)
Orthogonality:

Orthogonality is a fundamental concept in Fourier series, which are used to break dow
periodic functions into simpler terms:

« Definition: Two functions are orthogonal on an interval if their inner product is
zero. The inner product is defined as the integral of the product of the two functions
over the interval:

b
(f1=f2):/ f[1x)fr(x)dx=0 @

Orthogonal sets

A set of functions is orthogonal if any two functions in the set are orthogonal. For examp
the set of functions (1, cosx, cos2x, cos3x) is orthogonal in the interval (-z 7).




Orthogonal Functions

» Call a set of functions {¢} orthogona
an interval a <t < b if it satisfies

[ (), (0t =




Orthogonal set of Sinusoidal

Functions

Define wy,=2n/T.

T/2

[ cosmagt)dt=0, m=0

T/2

j_msm(mcoot)dt =0, m=0

[, sin(magt)sin(nogt)dt =

|

T/2 : S 0 m=n
J._T/ZCOS(mQ)O ) cos(na,t)dt = T/2 men
T/2 0O m=#n

T/2 m=n

We now prove this

T/2

J_lesin(mwot) cos(nw,t)dt=0, forallmandn '




Proof

C0S0.COSP = %[cos(oc +B) +cos(a —B)]

J'_TT//ZZ cos(mam,t) cos(ne,t)dt m =+ n

12 q 1 ¢1/2 g
= EI—T/Z cos[(m + n)ootfdt-+ > [, coslm-n)wtidt

T/2 1

1 .
" 2 (m+n)o, sinl(m + e, + 2 (m—n)w, S
1 1 1 1
=2 Tmame: %sm[(m+n)rJ:]+—(m o ZSIn[(T n)J
21 0




Proof

COSaLCOSP = %[cos(oc +B) +cos(a—B)]

cos’ o = %[1+ c0s2a]

jm cos(mm,t) cos(nw,t)dt m = h

-T/2

T/2

= cos’(Mma,t)dt = % I_TT//ZZ [1+ cos2ma,t]dt

-T/2

1 [ T/2
=—t| + Sin2ma,t]

2 |1, 4Mo, T2

0

_J

2
T/2 - e O m=#n
_[_mcos(mcoo)cos(noao) ~1T/2 men




Orthogonal set of Sinusoidal
Functions

Define wy,=2n/T.

- t)dt=0 ol |["
j_mcos(mooo) =0, m= L

* sin(maoyt)dt = 0,

/12

0 m #n
T/2 m=n

T/2
I—le cos(mm,t) cos(nw,t)dt = {

TI2 Oei Syl 0 m # n
j_msm(mcoo)sm(no)o) e

T2
_[_msm(mcoot)cos(ncoot)dt =0, forallmandn

fl’ N
COSm,t, COS2m,t, COS3m,t,--- ¢
\Sin ®,t,SIN2m,t,SIN3w,t, -

.

J

an orthogonal set.




Decomposition

f(t) = % +3 a, cos(noyt) + 3 b, sin(n
n=1 n=1

2 to+T
ao:?jto f (t)dt

2 to+T

A== f(t)cosnmtdt  n=12,--
2 to+T )

b,==| f(t)sinnotdt n=12--

n Tto




Proof

Use the following facts:

T/2 d —O O T/2 d —0 0
_[_T,ZCOS(m(Dot) t=0, m= _[_msm(mcoot) t=0, m=

T/2 : i 0O m=#n
.f_mcos(ma)o)cos(n(oo) =9 e
" Sin(mogt)sin(og)dt=1__ " "
._msm(mcoo)sm(no)o) =V er

°T /2
_msin(moaot)cos(noaot)dt =0, forallmandn




Example (Square Wave)

f(t)
1
-6 -5 -4n -3 -2n -w n 2n 3n 4n 5= g
? en
27 70

27 0 nm L

b, =irsin ntdt:—icosnt\” =—i(cosn7z—1) =
27 0 Nz °  nzx




Example (Square
Wave)

f(t) =£+E(sint+lsin3t+lsin5t+---j
2 T 3 5

f(t)
1
-6n -5n -4n -3n -2n -7 n 2n 3n 4n 5n
2 n
a, =2—njo 1dt =1
a, :ijncosntdt:isin nt‘7t -0 n=12,---
27 90 nr 0

1 2/nt n=I

b, =irsin ntdtz—icosnt\” = (cosnm—1) = ’
2m 20 nm °  nn 0 n=2.




Example (Square
Wave)

f(t) =1+§(sint+lsin3t+Esin5t+---j
2 T 3 5

1.5

NI (PPN | iy 20 A saadl A maadl A
A poadat r 4 L) 4 1 N 4 NP L 4 1
SAAd'l SAA'l /AAaa'l TAAa') AR Y




Week 15
Topics: Fourier Integrations

Pages (101-103)

Problem2: Expand f(x)=x?, 0<x<2r , in a Fourier series if the period is 2.

Solution: The graph of f(x) with period 2z is as follows

fl=)
J ! / )/ /,«
/ // / 4z / R4
/// /// ,// |* ‘._//, ’//
—6r —-i# —é:r 0 2|1r dx IElul:r
Period=2L=2n and L==. Choosing c=0, we have
1 c+2L N X 1 n
a4 =T .!' f (X) cos = ! (x) cosn dx
2n
1 [, ,+ sinnx —C0S NX =sin nx 4
== Rl =— n=0
ni(x )( " ) (ZX)( " )+2( " j}o o K

If n=0, a,=a,= 12_fx2dx= 812

T, 3
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c+2L nm X 121t
b,=— [ f()sin == dx == [ Xsinnm dx
L L o

c

o 2n
_1 {(XZ )(_ cos nx)_(ZX )(_8”1 nx)+2(cosznxJ} _—An
T n n n . n
2 ©
Then f (x) = x* = 41; +Z(i2cos nx—4—nsin nxj for 0<x<2mn
1\ N n

Exercise3: Graph each of the following functions, and also find its correspondin
Fourier series.

(i) f(x)=2x*, 0< x<2n

(i) f(x) =ax?, 0< x < 2%, where a is any arbitrary constant.
(iii) f(x)=x*, O<x<m
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Week16
Topics: Applications
Pages (103-105)

Application:

Problem: Solve the boundary value problem

au_,

= 25 u(0,t)=10, u(3,t)=40, u(x,0)=25, |u(x,t)|< M

Solution: To solve the present problem assume that u(x,?)=v(x,t)+¢(x,t) where

P(x,t) is to be suitably determined. In terms of v(x,t) the boundary value proble

becomes

% =2 227\2 +2¢"(x), v(0,)+(0) =10, v(3,t)+d(3) =40, v(x,0)+d(x) = 25, ¥(x,t) kM

This can be simplified by choosing
$"(x)=0, $(0)=3, #(3)=40

From which e can find ¢(x)=10x+10, o that the resulting boundary valug'proble
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% OV (0,0)=10, V(3,t)= 40, v(x,0) = 15—10x

N
We can find the solution of this problem is in the form

= . mmXx
v(x,t) =D Be e sm%

m=1

The last condition yields

15-10x = > B, sin%

m=1

From which

2 8
B, = = [(15-10x)sin "="qx = 30 cosmm -1)
3 : 3 mm

Since u(x,t) = v(x,t) + d(x,t), we have finally

U(x)=10x+10+ 3" > (cosmm ~1)e sin%
mm

m=1

as the required solution.

The term 10x+10 is the steady-state temperature, i.e. the temperature after a long
time has elapsed.
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Week17
Topics: Applications
Pages (105-107)

Consider a mass-spring system as before, where we have a
mass m on a spring with spring
constant k, with damping c, and a force F(t) applied to the
mass.
Suppose the forcing function F(t) is 2L-periodic for some
L>0.

The equation that governs this
particular setup is

mx”(t) + cx’(t) + kx(t) = F(t)

The general solution consists of the
complementary solution x,, which
solves the associated
homogeneous equation mx” + cx’ + kx = 0, and a particular
solution of (1) we call x,,

F(r)

y &
j/\/\/\f\/\ m

damping ¢




Forc? 0,

the complementary solution x, will decay as time goes by.
Therefore, we are mostly interested in a

particular solution x, that does not decay and is periodic with
the same period as F(1). We call this
particular solution the steady periodic solution and we write it
as x,, as before. What will be new in

this section is that we consider an arbitrary forcing function
F(1) instead of a simple cosine.

For simplicity, let us suppose that c = 0. The problem with ¢ >
0 is very similar. The equation

mx” + kx =0
has the general solution,

X(1) = A cos(wi) + B sin(wit);

Where, - ‘
Wy = J; :




Any solution to mx” (1) + kx(@) = F(1) is of the form
A cos(wi) + B sin(wi) + xgp.
The steady periodic solution xs, has the same period as F(1).

In the spirit of the last section and the idea of undetermined
coecients we first write,

o0

Co (nx . (nm
F(t)= 5 - Z(‘,,C().\(Tt)+d,, sin Tt)

n=|

Then we write a proposed steady periodic solution x as,

N l

(1) Ay Z (IUT ) b ('Ul’ )
X)) = —+ Ay COS|—1 |+ 081N | 1],
2 n L n L

n=\

where a, and b,, are unknowns. We plug x into the deferential
equation and solve for a, and b, in terms of ¢, and d,,. O




