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Course Assignment Pattern

& e

A

Quiz Assignment Presentation
Altogether 4 quizzes may be : Altogether 4 assignmentsma :  Thestudentswill haveto form a
taken during the semester,2 : be takendurin ﬂl]:)e serlrgestefr i group of maximum 3 members
quizzes will be taken for : ?nsialtger;meanr%\,\g assiegr%eenrt]srv(i)l{ . The topic of the presentation
midterm and 2 quizzeswill be : betakenfor final term :  will begivento eachgroup and
takenfor final term : *  students will have to do the

group presentationon the given
topic

' é{cﬁi Tz ‘
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Assignment Pattern

CIE - Continuous Internal Evaluation (90 Marks)
Bl oom’ s Mid Exam Assignment Quiz (15} Attendance &
Marks (out of 90) (45) (15) External
Participation In
Curricular/Co
Curricular
Activities (15)

Remember 5 05
Understand 5 05
Apply 10 05 15
Analyze 10 05
Evaluate 10
Create 5 10
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Assignment Pattern
SEE — Semester End Examination (60 Marks)

Bl oom’ s Cajt e g dinal Examination
Remember 10
Understand 10

Apply 15
Analyze 10
Evaluate 10
Create 05
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Course Learning Outcomes (CLO’S)

Recognize the appropriate
tools of calculus to limits, CLO 2
derivatives, and integrals

To describe the basic
@IN@NA concepts  of limits,
derivativesandintegrals

Categorize problems and
@ @) ¢  correlatethe problemswith
well-knownmethods
Modify the previousresult/
@ @) Develop a new
methodology

Analyze and evaluatesome
reallife/appliedproblems

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Course Rationales

The courseis basedupon two concepts,namely, the conceptof function and the conceptof limit.
Differential Calculushelpsto find the rateof changeof quantity It is mainly focusedon someimportant
topics such as limits, continuity and differentiability. The rules of differentiation are introduced,and
methodsof differentiatingvariousalgebraicandtranscendentdlinctionswill be developedApplications
of differential calculusto finding maximum, minimum, tangent,and normal values of the function
Integral calculusis the reciprocalof differentiation Methodsof algebraicintegrationwill be introduced,
with bothdefinite andindefinite integralsbeingdeterminedor a variety of functions It is generallyused

for calculatingareas At the endof eachchapterthe assignmenis compulsoryto makestudentsnvolve

usingknowledgeof this courseto implementandsolvedifferentkinds of problems

Y
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Course ODbjective

Theobjectiveof this courses to
0 Teach basic math skills in calculus and make studentsfamiliar with

Limits, Continuity, Derivatives,Curves,andintegrals

0 Demonstratethe solutionsof the problemsin the field of Engineering

usingcalculus Thus,the studentscan proceedwith their studiestowards

advanceaoursesn theirfields.

%
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Functions and their Graphs, Limit, continuity.
U Definitions of functions.
U Kinds of functions (even, odds, inverse, one-one, onto etc.)
U Graph of some well-known functions.
U Defines continuity at a point using limits.
U Use rules of limits.
o1 U Evaluate limits by way of tables and graphs. 12 CLO1
U Determine the existence of and find limits at real numbers.
U Evaluate limits algebraically by means of substitution, factoring,
and using special limits.

U Use limits to determine whether a function is continuous at a point

Differentiability and its applications
U Express the derivative of a function as a limit.
U Use formulas to take derivatives of polynomial, radical, exponential, and
logarithmic functions.
U Relate the first derivative to velocity and the second derivative to
0,  acceleration. i CLO1
U Use the product and quotient rules to take derivatives. CLO 2
U Solve applied problems involving derivatives
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03

04

al EAYlF 3 aAyAYlFXI w2ffSQazx IyR as$
U Find critical numbers and critical points.
U Find intervals where a function is increasing or decreasing.
U Find absolute extrema on a closed interval.
U Find relative extrema using the first derivative test
U Solve application problems. 10 CLO:
U To find the maximum or minimum value of a particular quantity. Such
applications exist in economics, business, and engineering

Integration and methods of Integrations

U Definitions of integrations

U Important formula of integrations

U Types of integrations (Definite and Indefinite) o8 CLO4
U Fundamental theorem of integrations

U Evaluating definite integral by substitutions

U Integrations by partial fractions
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Gamma Function and Beta Function
U Definitions of Gamma functions

05 U Some basic properties of gamma functions
U Applications of gamma functions
(i Definitions of Beta functions CLO ¢
U Some basic properties of beta functions 10 .
U Applications of beta functions CEOL-

Applications of integrations
(Area and Volumes related problems)
U Evaluate definite integrals to find the net area between a curve and-+the x

06 axis using the Fundamental Theorem of Calculus.
U Use basic integration properties to solve graphical net area problems. 17 CLO 4
U Use properties to definite integrals to solve graphical net area problems. CLO S
U Use definite integrals to find the area between two curves
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Course Plan
Mapped With
CLO

)

IH0

Teaching

Strategy

Assessment
Strategy

Correspondin
gCLO

01 Basic concept of function, Domain, Lecture, Feedback, CLO1
Co-domain,Range Multimedia Q&A
02 Kinds of functionleven, odds, one Lecture, Feedback, CLO1
one,onto, bijectiveetc) Multimedia Q&A
Inverse function and Composite
03 function, Graph of somewell-known Lec_:turez el CLO1
) Multimedia Q&A
functions
. . . Lecture, Feedback,
04 Basicconcepf limit, Evaluatdimit Multimedia 0&A CLO1
05 Existenceof limit and Continuity of a Lecture, Feedback, CLO1
functionata point. Multimedia Q&A

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Course Plan
Mapped With
CLO

N

/00

Teaching

Strategy

Assessment
Strategy

Corresponding

CLO

Basic concept of differentiation,
differentiability, = Formulae of Lecture,

06 differentiation,Differentiation(Sum  Multimedia  Feedback, Q&A CLO1
& DifferenceRules,ProductRule &
QuotientRule)
Differentiation (The Chain Rule,
Function as Power of another Lecture,

07 Function,Differentiation Parametric  Multimedia Feedback, Q&A CLoz
EquationsJmplicit Function)
Successive differentiation, Lecture,

o Leibnitz'stheorem Multimedia FEstlorle Qi SRez
Solve applied problems involving
derivatives, Relate the first
derivativeto velocity andthe seconc

09 derivative to acceleration, Find Le(_:turez Feedback, Q&A CLOI

. . . Multimedia CLO2

critical numbersand critical points,
Find intervals where a function is
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Teaching Assessment  Corresponding

Strategy Strategy CLO

COU rse Plan . To find the maximum or

o minimum value of a particula
M ap ped Wlth 10 guantity. Such applications Lecture, Feedback, Q&A CLO3

o ) . Multimedia
exist In economics, business
C LO and engineering

Rol |l e’ s, and Lecture,
Theorem Multimedia

11 Feedback, Q&A CLO3

Definitions of integrations,
Important formula of

Integrations, Types of Lecture,
12 Integrations (Definite and Multimedia FERtlrms, Qi GHek,
) Indefinite) Fundamental
theorem of integrations

/80

Evaluating definite integral b
substitutionsSome Ideal Lecture,
Integrals, Type based Multimedia
Integration.

13 Feedback, Q&A CLO4
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Course Plan
Mapped With
CLO

(-
A

O

Integrationsby parts, Definite

Teaching

Strategy

Assessment
Strategy

Corresponding
CLO

. L o Lecture,
14 I nt e gsrpeaclbl psoperties Multimedia Feedback, Q&A CLO4
andexercise
Definitions of Gamma
functions and Beta functions,
Some basic properties of L ecture
15 gamma functions and Beta . ! Feedback, Q&A CLO4
. . Multimedia
function, Applications of
gamma functions and Beta
functions.
Evaluate definite integrals to
find the areabetweena curve
16 and the x or y-axis, Use Lec_:turez Feedback, Q&A CLO4
. . Multimedia CLO5
definite integrals to find the
areabetweerntwo curves
Area undera plane curvein Lecture, CLO4
17 polarco-ordinates Multimedia Feedback, Q&A CLO5
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Function

Definition:

A relation from a set Ato a set B is called a function if

() Each element of set ¢\Ois associated with some element in set @0 .

(i) Each element of set ¢\0has unique image in set @0 .

Example.

f(1)=a
\ f1 {(1, a), (2, b), (3, C)} f{2)=b
So, it can be said that f c Al B. £(3)=c

) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Image and Pre-image

A B
If an element (al A) is associatedwith anelement (1| B),then slz 5 ;
is called, the ; 3
. . . T\
?f image of E 20r ?image of aunder 2 d
or
? U Ivdlue of the function f at E 2 "a is called the pre-image of 1"
Example. A={a, b, c,d},B={1, 2, 3, 4,5}
f.A- B
. . (i) (iv
A () B A () B A B )
1 1 1 A 2
a a a 1
b 2 b . b g g [
3 4 a7\ d : d—1"
5 S 5 5
is a function. IS afunction. IS not afunction. IS hot afunction.
Every elementin A hasa  Everyelementn Ahas ( * mhsnoimagein B) ( * dbesnothavea
unique image in B a uniqueimagein B uniqueimagein B)

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL




Domain, Codomain and Range

A={a,b,c,d}, B={1,2,3,4,5}

Domain - {a, b, c, d}
Co-domain - {1, 2, 3, 4,5}
Range - {1, 2,3,4}
_ f: A—>»B

Note: Rangec Co-domain / \
Note: Domain Codomain
When only **rule of function’”’ 1 s glven

@) It 1 s called ‘" Real valued function’’

() Domain=Set of r eal ‘*x’ for which y 1 s real (1

(l)Range=Set of all real y values obtained after putting real x in domain (All output values).

Range can be said to be the collection of functional outputs.
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Question: Find domain of

(1) y =x A (00,00)
Solution: =%
> X

Here, it can be seenthat all the values in (—o0, o) can be

used as input aswe move from left to right of graph.

At the sametime, y achievesall values in (—oo, ) aswe (-00,-00)

move from bottom to top of graph.

\ Domain! xI R &Range! yi R

(i) y=2x-1

Solution:

Domain ! x| R
For range, it can be seenfrom graph
Range! y| R




1
2x—1

(ii1) y =

Solution: )

Domain:
Here,Zx—l:tOor,x;t%

~ Domain ! xI R —{%} \ :(1 0)
i\2’
Range: \i

: :

Y = 0

or,2yx—y =1

1+
or, x = —2
2y

Here, y #0
~Range! xi R —{%}

Point to Remember!!!
y2 =X is curve not function.

Point to Remember!!!

If any vertical line cuts a curve at For x 30 =y= + R So, for
at least two different points, then same value of x, there Is two

_ values of y. So, it cannot be a
the curve cannot be a function . function.

Is not a function

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



iv) y =V2x —1 Y y=v2x — 1

Solution: .
Domain: here,2x—1>0o0r, x > >
. Domain 1 x| [%,oo)
Range: ] X
1 : 4
Ifngthen%/=0and|fx—>ootheny—>oo (2:0)
~Ranget! y |l (0,o0)
(iv) y = — |
V3x—4

Solution: pomain @ x i (goo)
Range® y i (0,)

=
Il

L |
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Question: f(x) = Vx% +ax +4
(a) Find “a’ if range is [2, ).

(b) Find “a’ if domain is all real.

Solution: )
(a) Since,Vx2 + ax + 4 X [2, E).

or, x>+ ax +4 X [4, E).

Minimum value of x? +ax +4 =4

> 2=4 Here, D$* — 4ac
4a
_, 16 a? _ 4
4
= a=0

(b) Domain is all real.

It means x*+ ax +4a @y X XR.
D AQu Here, D32 — 4ac
a2+ 16 AQu
aX|[-4, 4]

NIVERSITY OF GLOBAL VILLAGE V). BARISHAL



Exercise

3x—4

0y =27

.. 1
() y V2x—-1

(lii) y = V4 — x2

(iv) y =Vx2 — 4
(V) y =1In(2x + 3)

FYUNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Definition of Constant function:

Constant function is a function whose (output) value

IS the samefor every input value.

Example: 45 T
For examplethe function givenis a constantfunction because 3+ Y(x)=4
thevalueis 4 regardles®f theinputvalue(sealiagram) 91
In this type of function,domainis (- ,00 )while rangecontains 14
only asinglevalue In aboveexamplerangeis { 4} . : X
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Definition of identity function:

An identity function, also called an identity relation or identity map or
identity transformation, is a function that always returns the same value

that was used as Its argument.

Example:
f(x) = X
Domain = R

Range is(-E O WE XA

This Is an increasing function.

It IS also represented by .

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Definition of odd and even functions:

A function f(x) defined on the symmetric interval (-a, a)
If f(-x) =f(x) for all x in the domain of s then f is said to be an even function .

If f(-x) =-f(x) for all x in the domain of s khen f is said to be an odd function .

Example:
@) (b) ©
FO) = 2 + x h(x) =00 = T e
+h(=x) = f(=x)- f@x) = —h(x).

> f(=x) = ¥~ x # f(x) or — f(x)

. x%2 + xis neither odd nor even.

| _FE0+HF®)
s h(=x) ==———==h(x) So, it is odd function.

So, it Is even function.

Common odd function: f = sinx, anx, x, x3

Common evenfunction: f = cosx, sin’x, x?, |x|, |sinx|

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Definition of one-one (injective mapping):

f- A - B such that different elements of A have

different f imagesin B. \ 7
or, X1, Xo XA and  f(xy), f(x,) XB, / \

f(X1) =1(Xp) = X1 =X,

o o |I>
v o (03

L1 ]
o

or, X, A, = f(X,) A(X.,)

Example: (i)
A B

one-one (Every input has a different output ) Not one-one (3 inputs have same output)




Definition of onto (surjective mapping):

f- A - B such that eachelement in B is the f image of at B
leastone elementin A ( :
In caseof onto function, codomain is equal to range. \ < 2

So,to find if the function is onto, find range and match it

with codomain.

Example:
<i> (id) (i)
ftR >R f(x) = 2x + 1 f:R > R; f(x) = Inx f:R - R™; f(x) = e*
Solution: Solution: Solution:
= 2 1 y =Ilnx = yeR i}
y x + 1= yeR y = ¢ o ye(0,0) or R*
= Codomain = Range = Codomain = Range .
= Codomain = Range
= onto function . = onto function

= onto function.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL




Question:

Let the function f: R {-} — R-{-} is defined by f(x) =—.
Prove that f is an one-one & onto function
Solution:
f is one-one;
Let, x,,x, € Rt {%}
_X1—3 _ x2—3
1(x1) C2x-1 & forz) = 2x3-1

If f(x,) =f(x,) then 2= = 22=3

2x1+1  2x,+1

= (x1 —3)2x,+1) = (x, —3)(2x; + 1)
—=2X1X, + X1 —6Xxy —3=2¢1X, + X5 —6Xx; — 3
=1x1 = 7xy

=X, = X»

fis one -one.

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Let, y=f(x) = =—

2x+1

=2xy+y = x—3

=2xy+x =3+Yy

3+
=X = Y
1-2y

Here,1—-2y #0
=Yy i%
_ 1
Rs= R'E

f(x) is onto function .

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL




Definition of into function:

f- A - B such that at least on element in B (co-domain) Is

¢ v
NOT the fimage of any elementin domain A. ] \

This element has
no pre-image

Bijective Function:

A B
If function i1s both one-one and onto function, then it is : \ [ :
called a bijective function. —) \—

Only Bijective functions have inverse functions

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



/ Exercise: \

(i) Let the function f:R-{3} >R-{1} is defined by f(x) = 2=

x—3"

Proved that f iIs one-one and onto function . Find a formula
which defined f~1.
(i) Let, the function f:R — R is defined by f(x) = x? + 1.

k Proved that f is not one-one & onto function . J

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Inverse function:

Let f be aone-one and onto function with domain A and range B. Then

its inverse function f~! asdomain B and range A and is defined by

ff)=x & f(x) =y
for any y In B.

***  Domain of f~1 = range of f
range of f~! = domain of f

Caution: Do not mistake the -1in £~ for an exponent. Thus /' (x) doesnot mean %

f~1(f (x)) = x for every xin A i — f L"—r- flx) — f" —r1
f(f~' (x)) = x for every xin B K w




Question:

If fis a one-to-one function and /(1) =5, f(3) = 7,and f(8) = —10.
Find /1 (7), /7 (5), f~'(=10).

Solution:
From the definition of f~! we have

717 =3 because f(3) = 7
f71(5) = 1 becausef(1) = 5

f~1(—10) =8 becausef(8) = —10
A B A B

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



How to Find the Inverse Function of a Bijective Function f:

STEP 1: Write vy = f(x).

STEP 2: Solve this equation for x in terms of v (if possible).

STEP 3: To expressf as a function of x, interchange x and .
The resulting equation is y = f4(x).

Question: . iverse function of f(x) = 3+2.

Solution: Let, y=x2+2 “/

. . £
Then we solve this equation for x: / /
X°=yt 2 — %
x = 3 Y — 2 y=x _/

Finally, we interchange x and vy:
y = Vx — 2 The graph of is f~1 is obtained by reflecting
Therefore the inverse function is /% (x) = Vx — 2 the graph of f about the line y = x.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Question: .

Sketch the graphs of f(x) =+/—1 — x and its inverse

function using the samecoordinate axes

Solution:
¥ A
First we sketch the curvey = v—1 — x (the top y= fix)
y=2x

half of the parabola y%=-1-x, or x =-y2-1) and \
then we reflect about the line y = x to get the Lo ¢ >

' —1
graph of f~1. 01}
Now, Let y = V-1 — x y=fx)
or,y? =—1—x

o, x=—-1—vy% y=>0
S fTl ) =—-1-x% x=0

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Question: .

d d : . __ax+b
Let f:R — {— ?} — R — {— ?} be a function defined by f(x) = —
Find the inverse of f(x)
Solution: L
Lety - f(x) - cx+d
Then we gety = Z;CIZ

=>cxy+dy=ax+b
=>cxy—ax=—dy+b>b
=>x(cy—a)=—dy+b

—dy+b
= x = —

cy—a

—dy+b
cy—a

= f7H(y) =

—dx+b
cxX—a

L fT) =

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



@xercise: \

—2

(i) Let the function f:R-{3} -»R-{1} is defined by f(x) = —3 Find a

formula which defined f~1.

(ii) Let the function f:R+ {-} - R-{-} is defined by f(x) =——
Find the domain and range of the finction . Evaluate f~1(2)
(i) If f(x) =+vx—2 then find f~'(x). Also sketch the graph of

f(x) and f~*(x).
(iv) The function f: R —» Ris defined by f(x) = (x + 1)2. Find the

domain and range of the function . Evaluate f~1(4) /

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Composite Function:
Let/:A -8B & g:B — C where R, = B = D, then the composite
function of f and g is denoted by fog (also called the composition

of f and g) is defined by
(fog)(x) = f(g(x))
The domain of fog is the setof all x in the domain of g such that

g(x)is in the domain of f. In other words (f2g)(x)is defined

whenever both g(x) and f(g(x)) are defined

Question: . _ .
If f(x) = x*and g(x) = x - 3, find the composite
. function fog and gof.
Solution:
We have

(fog)(x) = F(g(0) = flx - 3) = (x — 3)2
And(gof)(x) = g(f(x)) = g(x*) =x* -3

flgto) (output) «—

The fog function is composed
of the g function (first) and
then the f function.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



QuEStlon: * Let f(x)=yx, g(x) =v2—=x Find

(i) (fof)(x);

(i) (gog) (x)
(i) Domain & range of (gog)(x)

(iv) (gof)(4);
Solution:
Given that

fX) = x, and g(x) =v2 —x;
() (fof)(x) =1(f(X))
=f(vx )

= x4
(i) (gog) (x) =9g(g(x))
=g(vV2 —x)

=2 —V2 —x
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(iif) Domain & range of (gog)(x):

Here, (gog)(x):\/z —V2—x

S0,2—V2—x)=0
N Iso2 — x >
T x <2 and also2 —x =0

= x <2
—=2—x<4

x> —2

Domain= [—2,2]

Now ,

If x = —2then, (gog)(x) = \/2 —V2+4+2 =0

if x = 2 then, (gog)(x)=\/2—\/ —2 =)
if x = 0 then, (gog)(x)=\/2 —V2-0 =\/2 -2

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Maximum value of (gog)(x) =2

and Minimum value of (gog)(x) = 0;

Range=[0,v?2 |

(iv) (gof)(4) = g(f (4))

= g(V4)
=09(2)
=J2-vV2-2
=+v2-0
=/2;

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



/ Exercise: \

(i) If f(x) =x%—-16 & g(x) =+/x. Then find (gof)(x)
Hence find the domain of (gof)(x).

(i) If f(x) =2x3+3&g(x) = 3\/% . Then show that
(fog)(x) = (gof)(x)

(i) If f(x) = ﬁ.Then find that f f(f(x)).




Families of Essential Functions and Their Graphs

Linear Functions

f(x)=mx+b>b
YA VA
b b
0 X 70 X
fix)=b fix)=mx+b
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Power Functions

fx) = x"
VA YA

/ \y
0
=X f(x)

A VA

=¥
\:“
=Y
=

= x* flx)=x

fly=x* fix)

Root Functions

fo) =Vx




Reciprocal Functions

1
f(x)=g

_““m\i X 0 X i\V) X 0 X

foy= f)=1s f0 =1 f0=1a

Exponential and Logarithmic Functions
f(x) =b*andf(x)log, x

YA YA VA
-
0 1 X
1 1
- \\’*
0 X 0 '
flx)=b" (b>1) flx)y=b" (b<1y flx)=log,x (b>1)
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Trigonometric Functions

f(x) = sinx, cosx, tanx

f(x)=sIn x | y
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Transformations of Functions

Vertical and Horizontal Shifts:

Supposec > 0. To obtain the graph of
y=flx)+c

y = f(x) + ¢, shiftthe graph of y = f(x) a distance c

units upward
y=Jflx+c) y=flx—c

y = f(x) — c, shift the graph of y = f(x) a distance ¢ y = f(x)
units downward //\: 7»/\: 7/\/
v

y = f(x + c), shift the graph of y = f(x) a distance c

Y

units to the left

y=flx)—c
y = f(x - c), shift the graph of y = f(x) a distance c

units to the right
Translating the graph of f
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Vertical and Horizontal Stretching and Reflecting:
Supposec > 1. To obtain the graph of

y A
y = cf (x), stretch the graph of y = f(x) vertical /\/ = ef0)

by a factor of c (c=1)

y = (1/c)f (x), shrink the graph of y = f(x) y = Fl—x)

vertically by a factor of ¢ \/\ /\, y = fix)

y = —f(x), reflect the graph of y = f(x) about th /\_, y=Lf(x)
X-axis o x
y = f(—x), reflect the graph of y = f(x) about th

y-axis \/“ y = —f(x)

Stretching and reflecting the graph of f
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y = f(cx), shrink the graph of y = f(x) horizontally by a factor of ¢

y = f(x/c), stretch the graph of y = f(x) horizontally by a factor of c

¥y =CO08 X

Stretching and reflecting the graph of f
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Limit of a Function

Limit:
If the values of f(x) can be made as close as we like to d.0by taking values of x sufficient close

to a (but not equal to a), then we write
lim f(x) =L
X—a

Which isread i t hnet of f(x) as x approaches a is Loor ¥ (x) approaches L as x approaches aa

| A
y—A——-.__.____ y=L+e¢g Y
flx) | ‘ }a I L+'S\ \ yv=L+e&
isin | Lyt i ottt /4 | - -
here ‘ }‘3 \\ / S i — — o /
y=L—eg v L_S/T oy p—
0 /o N S
a—h a+h | : _
when x is in here 0 / a \ X

(x # a) a—h a+h
Graphi cal r e plimg & & fonttiarto i apbinto f N
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Left Hand Limit;

If the values of f(x) can be made as close as we like to 1.0by talking values of x
sufficiently close to o (but less than a)

Then we write

L.HL.= lim f(x) =limf(a—h) =L
X—-a~ h—0

Right hand limit:

If the valuesof f(x)can be made as closkky atsalwkei g kwa ltwe S
xsuffi ci entd y(deditotbaa a)t o 0

Then we write

RH.L= lim f(x) =1limf(a—h) =h
xX—>a~ h—0
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Fundamental properties of limit:
(0 lim{f(x) £ g(x)} = lim f(x) £ lim g(x)

(id) Jlim{f () x g(0} = lim £ (x) x lim g(x)

lim f(x)
(iii) lim 22 = 222" "~ . 4(3)%0

xoadgx) }Ci_I}Cllg(x)

(iv) lim{cf (0} = ¢ lim £(x)

(v) Hm{f(x)}" = [lim f(x)]"
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Some Important formulae:

n n

0 lim2—% = na™ 1
xX->a X—a _
X SINn X
O lim = lim =1 n(n+1)
x—0sinx x-0 x 01+2+3+........2...........+n
0 lim —=— = lim&2%* =1
x—ptanx  x-0 X 2,792,192 n(n+1)(2n+1)
1 0 14+42°+3“+ .......... . +—H6?
O llm(l -|-x)x =1
x—0 . )
. e¥*—1
0 lim——=1 0 13+23+33+ ... . . . .{’f‘(”.“.)}_ . +n =
= 9<C1 ) 2
. In(1+x) _
0 alcl—r}cl) x 1 0 1 — cos20 = 2sin%0
. 1
O lim(1+-)*=e
X—00 X
: X—1
0 lim2 = In(a)
x—-0 X
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Question: Find the value: Question: Find the value:

4. X%—4x+4 2 ,
- ) 3x°+20x“+2
(1) lim == —6 (i) lim =—==
X—=2 XTFX x—>00 6—20x2—4x3
- . 3x3420x2%+42
Solution lim

x—00 6—20x2—4x3

Solutionn |, #*-4x+e

: 3
= lim —=
_1 x2—2.x.2+22 X — 00 x3(x_3_7_4)
_xl—rg x243x—2x—6
20 2
=lim — &2 = lim o2
- — 6 20
x—2 X(x+3)—2(x+3) X500 —3—""—4
_llm (x_z)z
x—2 (x+3)(x-2) 20 5
3+ 42
i (x=2) _ 0 @ 0
=lim 6 20
x—>2 X+3 o ZUu 4
00) 00)
== _ 34040
243 — P,
=0 B .
4
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(i) lim Y2%2=2

x—>—oo0 3x+1

Solution: 2
lim Y42 = lim -

x—>—00 3x+1

’ 2

— 4__

= lim 1x2 [sinceVx? = |x| = {—x;x <
X O]
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12+22+3%+--+n?

(V) %l—r}olo n3

Solution:

1242243%4.--4n?

lim -
n—>00 n

. nn+1)(2n+
= lim 2 )g )
n—oo 6Mm

n3(1+)(2+7)

=lim -
n—oo 6Mn

(1)

= lim
n—>00

_(1+)(2+2)

6

Solution:

12422432 4---4n?

(V) im

n—oo n3
1P +2243%4 4 n?
1m

n—-oo n3

3 21
7%
- 2
2 21
g.aS
3 2 3 2
3 2 gG1)-GD21 o
2 14




5n+1 _|_7n+1

(V)lim

N — 00 gn_7n

Solution:

n—-oo 5N-71

1—cos 7x

(vi) chl_r)r(l) >

Solution:




COS7X—Cc0S9x

(vii)lim
x—0 C0S3X—C0S5x

Solution:

COS7X—C0S9x

lim
x—(0 COS3X—C0S5Xx

- 2 Sin(7x-;9x)lsin(9x;7x)
=lim

. 3X+5x . ,5X—3X
x—>0231n( 5 ).sm( )

sin 8x.sinx

=lim — ,
x-0 sin4dx.sinx

2sin4x.cos4x

=lim |'*sin2A = 2sinA. cosA]

x—0 sindx

=lim (2 cos 4x)

x—0

= 2cos0
=2X1

=2

2

(viii) lim ——=
x—2 3—Vx2+5

Solution:

lim 4
x—2 3—Vx2+5

lim (4—x2)(34+Vx2+5)
x52 (3=VxZ+5)(3+VxZ+5)

lim (4—x2)(34+Vx2+5)
Cx>2  32—(Vx%+5)

lim (4—x2)(34+Vx2+5)
“x-2  9—-(Vx%+5)

.2
—lim (4—x )(3+\/2 x?%+5)
xX—2 (4—x4)

=lim (3 + Vx? + 5)

X—2
= (3 +Vx?+5)

=349 =6
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tanx—sin x

(IX))]CI_I)I(I) sin3x

Solution:

tanx—sin x

lim —
x—-0 Sin°x

=lim -
x—-0 Sin°x

1—cosx

=lim
x—0 cosx(1—cos?x)

(1—cosx)

=]lim

x—0 €0S x.(1—cosx)(1+cos x)

. 1
=lim
x—0 €Oos x(1+cos x)
_ 1
cos 0(1+cos 0)
1 1

T1(141) 2

X —-X _
(X)lim e”+e 2
x—0 X

Solution:

o eft+e™ -2
lim
x—0 X

e (e*-1)+(e*-1)
x—0 X

e*—1 e*-1

=lim[ + |

x-0 X X
. eX*—-1 . e*—1
=lim + lim
x—->0 X x-0 X
=1+1

=2
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ﬂzxercise

N .. X34+x%2-5x+3
(1) lim
x—1 X3-3x+2

(i) lim (Vx2 4+ x — x)

X— 00
(i) lim (5 — <=2)
x—0 \Xx? x?

(iv) lim (1 -~ exl_l)

x—>0 \X

1-2 cos x+cos 2x

(V) 9161_1)% x?
;. sec3x—tan3x
(V1) ilf}_f tan x

2

CcOS 3X—C0S 5x

(vi) lim <22

\




5
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Existence of limit of a function f(x) at x = a.
The limit of a function f(x) at x=a that }Csrrgl f(x) exists if

(i) L.H.L :xlirgl_ f(x) =L (exists)

(i) R.H.L :xli_)rgl+ f(x) = L (exists)
(i) LHL=R.H.L

Left Hand Limit:

If the values of f(x) can be made as close as we like to fl.oby talking values of x sufficiently close

to mo(but less than a)

Then we write
LHL= lim f(x)=Ilimf(a—h) =1L
x-a~ h—-0

Right hand limit:

If the values of f(x) can be made as close as we like to i.oby talking values of x sufficiently

close to mo(but greater than a)

Then we write
RH.L= lim f(x) =limf(a—h) =L
xX—->a~ h—0
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) (1 :
Question: w2 XSS
Let,f(X):<x2—5;—2<XS3
L Vx + 13 ;X >3

Find (i) }Ci_rgf(x) (i1) chi_r)r(l)f(x) (1) Li_rgf(x)

Or does limf(x) exist? If exist then find it.

X—3
: (1 2
Solution: 4z e
Given that, f(x) = { x — 5. —2<x<3
\Vx + 13; x> 3

(i) If x > —2" then f(x) = —

xX+2

lim fG) = fim (2= h) = lim e T im = (G X = e

If x > -2 then f(x) = x* -5

- lim fOG) = lim f(=2+h) = lim{(=2+ h)*=5} = (=2+0)* =5 = —1
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Since, lim f(x) # lim f(x)
x——2%

X—>—=2"

So lim2 f(x) doesnot exist.
xX——

(i) fx—>0Torx— 0" then f(x) = x* -5

y 1 — | 2 _ = — = —
o }lcl_r)rcl)f(x)— ilzl—r%f(x 5 =0-5 5

(i) IFx— 3~ thenf(x)=x*—75

v lim f(x) = lim (x*—-5)=32—-5=4
X—3" X—3"

If x— 37 thenf(x) =+/x + 13

+ lim f () = xliglJr(\/x +13) = lim (V3 +13) =4

xX—3

Since, lim f(x) = lim f(x) =4
xX—3~ x—3t

+ lim f(x) = 4
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CONTINUITY: YA

y=flx)
A function f is said to be continuous function at x = a provided fix)
the following conditions are satisfied: HPP‘-’EH;?hES T
&f

(1) f(a) is defined

(i) }Cl_r)lcll f(x) exists /—\

(1 limffx) = f(a)l.e. lim f(x) = lim f(x) = f(a)

-
0 — (] -— X

as x approaches a
f Iscontinuous atx = a
Y

DISCONTINUITY: /r(x)
If f£(x)Is not continuous atx = a then it is called / + -

discontinuous

f Is discontinuous at x = a
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Question: The real function f is given by

f@) =172 X

L 3 X =2

Show that the function f is discontinuous atx = 2. Define the function f is such a way that it is
continuous at x = 2

x%—4
Solution: Given that f(x) = { %2 X # 2
\ 3 ;x =
Whenx = 2 thenf(x) = 3
Jim f()=lim £(2 - h) lim, f(x)=lim f(2 + h)
—h)?— _1ip 21174
=Illi_r)r(1) ((22—111))—24 ilzl—% (2+h)-2
. (2-h+2)(2-h-2) —lim (2+h+2)(2+h—2)
:’Ill—rg (2—h-2) h—0 (2+h-2)
=}llirr(1) (4 —h) :}lli_r)r(l) (4 +h)
=4-0=4 =4+0 =4
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» lim Q) = lim f(x) # f(2)

X—2~

So that functiory (x) is discontinuous at = 2.

2"d part:

For the continuity f(x) is defined at= 2 in the following way.

f(X) = 4
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Question: N - |
At x = 0 and x = 1 discontinuous the continuity of the function

f: R > R where,

(%2 +1 rx <
0<x <
fay=4 1 0sx<1
— x> 1
| X
(.2
" +1 oy <
Solution: X »
Giventhat f(x) =1 X ;0=x<1
z x> 1
. X
Atx =0 Atx=11. 1. {1 1
lir(r)l+f(x)= li%l+(x)=0 anll"‘f(x)_xg{l"';_I_
X— X—
Jim f(x) = lim (x* +1) =0+1=1 lim f(x) = lim x =1=1

Whenx =1then f(x) =x. ~ f(1) =1~

lim, £() = lim () = £(10

So, f(x)Is continuous at x =1

~ lim f(x) # lim, f(x)

So, f(x)is discontinuous at x = 0
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Question: (14 2x —2<x<0
Let,f(x) = { 1—2x 0<x <

—1 4+ 2x ;—le

\ 2

Find lirr(l) fx) & lirq f (x) and the test the continuity of the function f(x) at x = 0 and x = %
X—

X—>=
2

Solution: (1 +2x i~
Giventhat, f(x) = ¢ 1—2x 10 <

IA

NI AR

<0
1
2

V.

L—1+2x P —X
Here, lim f(x) =1lim f(1—-2x)=1-0=1 And lim f(x)=1lm f(1+2x)=1-2x0)=1
x—0t x—0t x—-0~ x—0~
~lim f(x) =1
x—0

Again, if x = 0then f(x) =1 - 2x
~f(0)=1-2x0=1

~ lim f(x) = £(0)

So, f(x)is continuous at x =0
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Again, lim f(x) = lim (-1 + 2x) And lim f(x) = lim (1+ 2x)

x- ()t x>t x-()" - ()"
= —1+-x2
— 0 =1-2x2
=0
s lim f (x)=0
ol

2

Again, if x = 0then f(x) = -1+ 2x af(%) = —1+%><2 =0

1
lin} fx)=f (E)

X

2

So, f(x) is continuous at x = %

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



/Exe rcises:

() If f(x) = \/fs:;ﬁl X # % Find the value of(%) so that f(x) becomes continuousrat % . Ans%
(
e%—l o + 0
(if) Show that the function f given by f(>3=1_ | pUr & IS discontinuous at = 0
KO ;if x=0
—X x <0
(111) A function f (x) is defined as follows f(x)x ;0 < x <1 Discuss the continuity at =1
1—x ix =1
(1 r—oo < x <0
. I1
(iv) Let, f(x)={ 1+ sinx ;0=X =7 test the continuity at x=0 %
_ oy I
L2+(x 2) ;5 S x <o
fﬁ x < =2
\ (V) Let, f(x)=% 2 — 5 ._2 < x <3 Showthat f(x) Is continuous at= 3. But discontinuous at = -2 |
’ - /
Vx + 13 ;X > 3 e

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Differentiability

Differentiability of a function:

The derivative oy = f(x)with respect to (for any particular value of) is denoted by’ (x) or

dx

and defined as,

dy _ . flc+8%) - f()
1m

dx  Ax—0 Ax
. fx+h)=fx)
= lim
Ax—0 h

Existence of Derivative:

A functiony = f(x)is called differentiableat x = a if the left hand derivative and right hand

derivative bothareEqualatthis pointthatis,

L.H.D = lim [8= /(@) and R.H.D = lim /W@
arebothexistandequal
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Question' (%2 +1 whenx < 0
~ Afunction f(x) is defined as follows f(x) =4 ¥  when0 <x <1
— whenx > 1
\ X
Discuss the differentiability at x = 0 andx =1
Solution: (x?+1  whenx <0
Given that,f(x) =< X when0 < x <1
1
— whenx > 1
\ X
— . (0—h)—f(0) B
Forx=0 1 H.p = lim 22 R.H.D = lim W=/
” h—0 h
= lim L=/ _ e f()=£(0)
#1’18 —h B ;zlf% h
_ . {(=R)*+1}-(0%+1) . h={(0)2+1}
- 'lill’?g —h - ilzll;% h
— lim h?+1-1 B limﬂ
 h5>0 —h  h50 h
mi = i _ —tim(1-Y) =—
= fim =5 = lim(-h) =0 fm (1-3) ===
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“L.H.D # R.H.D.
So, the function is not differentiable at x = 0

Forx =1
. fA+h)—-f(1)
1—h)—f(1 —
CHD = limf( ) —f(1) R.H.D = lim A
h—-0 —h
1-h—-1 1
= | ———1
h—-0 h
. —h
= lim—
h—-0 —h _ l 1-1—-h
- hll?% h(1+h)
= lim(1)
h—0 . -1
= lim—
=1 h—-01+h
_ 1
" 1+0
= —1

Since L.H.D # R.H.D
So the function is not differentiable at x = 1




Differentiation

A The derivative is a mathematical operator, which measures the rate of change of a quantity relative to another

guantity. The process of finding a derivative is called differentiation.

A There are many phenomena related changing quantities such as speed of a particle, inflation of currency,

Intensity of an earthquake and voltage of an electrical signal etc. in the world. In this chapter we will discuss about

various technigues of derivative




Derivatives of Elementary Functions:

1.;—x (c) = 0,Where c is a constant.
3L (x™) = nx"1
— .

ad - x\ _ x
5.dx(e ) = e*.

1
x.

d
7E(lnx) —
9.2 (cosx) = —si

e COSX) = —Sinx.

d
11. - (secx) = secxtanx

d
13.; (cosec x) = —cosec x cot x
2 (cos™1x) = —2
15.dx (cos™ x) = —
2 (cot™1x) = —2
17.dx (cot™ x) = —
4 “14) = 1
19.dx (cosec™ x) = e

2oy = v L
21.dx(u )=u dx(vlnu)

X.

d —
ZE(X) =1
42 (Jx) = —
‘dx 2\/x’

ad - ox\ _ x
6.dx (a*) = a*lna.

8. < (sinx) = cosx.
dx

d
10.— (tanx) = sec?x.
dx

d
12.— (cotx) = —cosec*x
dx

4 (sin~1yx) =
14. ddx (sin"'x) =
a 1.\ —
16.dx (tan™ " x) =

a 1., —
18.dx(sec xX) =

dv

d —_ —_—
ZO.E(uv) =u—+v

dx

du_, dv

22 i(z) — vdx udx
“dx \v v2

V1—x2

1+x2
1

xVx2-1

du

dx

Where u and v are functions of
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Sum and Difference Rules:

If f andg are differentiable at, then so ar¢ + g andf - g and
L) + 9] = = [f(O] + == [g(x)]
LIF@) - g@)] = = [f(0)] = < [g(x)]

Example:
Find the differential coefﬁcien% of the following functions,
4
(i) y = x5 (i) y = 3x® — 2x> —5x + 8
_ Wx—2x
() y =—%=
Solution: 4
@ %:%(xg) (ii) ﬂ=i(3x8—2x5—5x+8)
I = dx dx
=g X® = 24x% — 10x* — 5
4 —1
= —X5
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dy Vx — 2x \/_ 2x 2x
e R

(i) dx - dx Vx Vx

=21 —2xxz ] = L1227l = L1 - 202

Product Rule:

If u andv are functions ok, (u = f(x) andv = g(x)), then % (uv) = ud% (v) + v% (u)

Example: . Find the differential coefficien% of the following functions,
()y =x3Inx (ii) y =x%cot™1x

Solution:
(i) Given that,y = x3Inx
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Differentiating with respect to x then we get,

v _ 4,3
dx  dx (x lnx)
34 d .3
=x°>—(Inx) + Inx—(x
dx( ) dx( ) %(xn)znxnﬂ

= x3.£+ In x(2x2)
LAy 2 2 — = —
n= =X+ 2x I (Inx)

(i) Given that, y = x* cot ™1 x a4 iy "1
dx (cot™ x) 1+ x?2

Differentiating with respect to x then we get,

dy
dx

_ a2 -1

=— (x“cot™ x)

= x22 (cot™1x) + cot™ 1 x = (x2)
dx dx

-1
-2 (2
1+x

d _
£ =2x cot™lx — ——
dx 1+x

) + cot™! x(2x)

x2
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Quotient Rule:
v%(u)—u%(v)

2

If u and v are functions of x, (u = f(x) and v = g(x)), then %(%) =

Examp|e; Find the differential coefficient <2 of the following functions,

dx

: _ 2x%+45 . __ cosx
(I)y ~ 3x-4 (”)y "~ 1+sinx
Solution:
N~ _ 2x%+45
() Given that, y = -

Differentiating with respect to x then we

get, _12x%-16x-6x2-15
dy d (2x%+5 - (3x—4)2
dx  dx ( 3x—4 )
o dy _ 6x%-16x-15
B (3x—4)d%(2x2+5)—(2x2+5)d%(3x—4) Tdx T (3x—4)?
B (3x—4)2

_ (Bx—4)4x—(2x2+5)3
- (3x—4)2
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COS X

(1) Given that, y =

1+sin x

Differentiating with respect to x then we get,

dy_d( COS X )
dx dx\1+sinx

. d d .
_ (1+sin x)a(cos X)—CoS xa(1+sm X)

(1+sin x)?

— sin x—sin?x—cos?x

(1+sin x)?

— sin x—(sin’x+cos?x)
(1+sin x)?2

_ —sinx — 1
(1 +sinx)?

_ —(sinx +1)
(1 +sinx)?2

dy 1

dx 1+sin x
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The Chain Rule:

If g is differentiableatx and f is differentiableat g(x), thenthecompositdunction F = fog
definedby F(x) = f(g(x)) is differentiableatx andF' is givenby the product

Fi(x) = f'(g(x) » g'(x)

In Leibniznotation,if y = f(u) andu = g(x) arebothdifferentiablefunctions,then
dy _dy du
dx du dx

NOTE:

In using the Chain Rule we work from the outside to the inside. Formula 1 says that we

differentiate the outer function f [at the inner function g(x)] and then we multiply by the

derivative of the inner function

d
_ ! !
f (gx)) = f (gx)) - g'(»
dx 1 y J " g J \ g ; " g J \ g J
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function
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EXAMPLE:

Differentiate (a) y =sin(x?) and (b) y = sin®x

SOLUTION:

(a) If y = sin(x?), then the outer function is the sine function and the inner function is the

sguaring function, so the Chain Rule gives

dy B d , , B ) _ ,
—— = — sin (x2) = COS (x?) X
dx dx —_— — —_— — — —
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function
= 2x cos(x?)

(b) Note that sin’x = (sinx)?. Here the outer function is the squaring function and the

iInner function is the sine function. So the Chain Rule gives

dy d ,. .
= (sin x) = 2 -« (sinx) *+ cosx
dx dx § -— §
inner derivative evaluated derivative
function of outer at inner of inner
function function function
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Function as Power of another Function:

If u and v are functions of x, (u = f(x) and v = g(x)), then % (u?) = u”% (v In(w))

Example:
Find the differential coefficient Z—i’ of the following functions
()y = (sinx)"* (i) y = x* + (sinx)n ¥,
Solution:

(l) Given that, y = (Sinx)lnx
Differentiating with respect to x then we get,

dy _ d = (sinx)lnx Inx.—.cosx + In(sinx).—
— = —{(sin x)n x} X X
dx dx

LAY i ] 1 - 1
_ (Sinx)lnx%{lnx In(sin x)) o= (sinx)™~* [ln X.~.COSX + ln(smx).x]

= (Sinx)lnxllnx %{ln(sin x)} + In(sin x).% (In x)]
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(it)

Given that, y = x* + (sinx)™*

Differentiating with respect to x then we get,

ay _ 4 [ x : In x
dx—dx{x + (sin x) }

d d (, .
=— (x*) + - {(sinx)!n¥}
X d . In x d 1
=x*— (xInx) + (sinx) — {In x In(sin x)}
_ X0, L
=X (x.x +

Inx) + (sinx)™ x{ln X.——.cosx + ln(smx)}.

Sin x X

Z—z =x*(1 +Inx) + (sin x)lnx{ln x.cotx +

In(sin x)}

X
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Differentiation Parametric Equations:
If in the equation of a curve y = f(x),xand y are expressed in terms of a third variable

known as parameter that is, x = ¢(t),y = ¥(t) then the equations are called a parametric

equation.
dy
. ay _ at
If both x and y are function of t then Tx . dx
dt
Example:

Find the differential coefficient % of the following functions:

ME I' ol b ary Go@G)XE & 1 6102 H ®2&E &Ry (0 T & T |

Solution:
() Given that, dy _
dy ar asint
= ' 1 NOW’d =& = 1+cost
x = a(t + sint) ........ (1) x & a(i+cost)
andy = a(l — cost) ........ (2)
_ o _ Zsingcosg
Differentiating () and ) with respect to t so we gel =i
2
dx
—=a(l+ cost
dt a ) dy t
L—=tan-
dy ) dx
and— = asint
dt
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(i) Given that,
x = a(cost + tsint) ......... (1)
andy = a(sint — tcost) ........... (2)

Differentiating (1) and (2) with respect to t so we get,

d . .
d—f = a(—sint + tcost + sint)

= atcost

d .
and = = a(cost + tsint — cost)

dt
= atsint
dy
dy _ a4t
Now, T dx
dt
__at sint
" at cost
dy

x = tant




Implicit Function:
When the relationship between x and y is expressed by an eqguation of the form
f(x,y) = 0, 1t is often very difficult or even impossible to express y as a
function of x. In such cases, y is called an Implicit function of x.
Example:
(i) x*+y? = a?
(i) x* + xy + y* =4

Process of Implicit Differentiation:

Step 1: Differentiate both sides of the equation with respect to x

Step 2: Treat y as a function of x, so % (y) = Z—i’
Step 3: Solve for Z—i’ after differentiation
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Example 1:

If xPy9 = (x + y)P*4 then find Z—z

Solution: _.
Given that xPy? = (x + y)P ™4

Taking In in both side we get

plnx + glny = (p+q) In(x + y)

Differentiating both sides with respect to x, we get

d t d +q]d +
PLa44dy_p q(l_l__y)m,[g_p q] y_bptqa_p
x y dx xX+y dx y x+yldx xX+y X

d
or, (qx + qy —py — qy) =~ = pz + qx — px — py

d
or, x(qx — py) =~ = y(qx — py)
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Example 2:

Find the differential coefficient % of the function x¥ + y* = a”

Solution:
Given that x¥ + y* = a?

Differentiating both sides with respect to x, we get

y 4 x 4 —
X dx(ylnx)+y dx(xlny)—O
yY W xX 4y —
or, x (x+dx.lnx)+y (y.dx+lny) 0

o, yx¥ 1+ y*lny) + (x¥V Inx + xyx_l)Z—i =0

dy _ yxY"l+y*Iny
Tdx xYInx4xyx1
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Successive Derivative:

If y = f(x) be a function of x, then the first order derivative of y with respect to x is denoted by

2@, oy, y®, fO) et

Again, the derivative of the first order derivative of y with respect to x is called the second order

derivative and is denoted by
—= (%), y,, ¥P, f@Ox) etc.

Similarly, the nth derivative of y with respect to x is denoted by

dn
o [, v v, f) ete.
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Example: If y =3x* —4x3 + 3x2 + 2x + 5 then findy’, y", y", y®

Solution: Given that the functionisy = 3x* — 4x3 + 3x%+2x+ 5
y

Then,y’=%(3x4—4x3+3x2+2x+5)
= 12x3 — 12x° + 6x + 2
p__d N d 3 2
y'=— (") =—(12x> — 12x° + 6x + 2)
= 36x* — 24x + 6
pr_ d my_ d 2
y' ' =—(y")=—_-(36x" — 24x + 6)
= 72x — 24
d 77 d
y® =—(y"") = (72x — 24)

=72
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Example 1: Find the differential coeﬁicienf;—z of the following functions:
i)y = x" iy = ey 0 AyA=Acos(ax + b)
Solution: (i) Given thaty = x"
Differentiating with respect to x so we get,

y; = nx"
y, = n(n—1)x""?
ys = n(n—1)(n—2)x"?
Similarly,
Yp = nn—1Dn—-2)[n—(n-1x""

=nn—-1)n-2)--3.2.1

= nl
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(i) Giventhaty = e**
Differentiating with respect ta
SO we get,

aXx

Y1 = ae

_ 2 _ax

Yo =ae
y3 — a3€ax
Similarly,

yn — aneax

(i) Giventhaty = cos(ax + b)
Differentiating with respect ta so we get,
y1 = —asin(ax + b)
= acos E + (ax + b)]
y, = —a’sin E + (ax + b)]
= a’cos [2% + (ax + b)]
y3 = —a’sin E + (ax + b)]
= a’cos [3% + (ax + b)]
Similarly,
Yn = a’cos lng + (ax + b)]
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LEIBNITZ'S THEOREM:

If uandv are any two functions ok such that all their desired differential coefficients exist, then

the nth differential coefficient of their product is given by

dm (uv) = d™u v+ e d"tudv n, d"?ud?v 4 d*"udv L d™v
dx™ dx™ Laxn-1dx - 2 dxn—2 dx2 T dxn—T dx" C T dxn
or,
dm () d™u . d* tudv . n(n—1)d" ?ud?v . . n! d* Tud"v . . d™v
— uv — _v n oooooooooooo u_
dx™ dx™ dx™1dx 2! dx™ 2 dx? r'(n—r)ldx"7"dx" dx™
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Example 1:
If = sin(m sin~1! x) then show thafl — x?)y, — xy; + m?y =0 and deduced that

(1= x*)ypiz — 2n + Dxyp — (> —m?)y, =0
Solution:

Giveny = sin(msin~1 x)

Differentiating both sides with respect g we get

m

Vi1-—x?2

y; = cos(msin~1 x)

= (1 —x*)y*, = m?*cos*(msin~" x) [squaring both sides]
= (1 —-x*)y*, =m*—m?sin*(msin™" x) = m* —m?y?
= (1 —-x%)y*, +m?y* =m?

Now again differentiating both sides, we get

(1 —x2*)2y,y, + (=2x)y{ + 2m?yy; = 0

= (1 —x%)y, — xy; + m?y =0
(showed)
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Again differentiating both sides in times by Leibnitz's theorem

ﬁ{(l — xz)yz} T qan (xyl) + m? o (y) =0

Tl(Tl 1) dn—>2 qn-1

= (1 —xz)—(yz) +n(=2x) = (=2) == (v2) —xdxn 1) —n_Z= () + m?y, =0

dxn— 1(y2)+

n(n-1)

= (1 = x*)Yn42 — 2NXYn41 — 2V — XYpy1 — MYy + M2y, = 0

(showed)
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Example 2:

If y = acos(Inx) + bsin(In x) where and are constant, then show fhat x2)y, — xy, + m?y =0

and deduced that(1 — x%)y,,,», — 2n + Dxy, 1 — (1> —m?)y, =0

Solution:  Given y = sin(m sin™ x)

Differentiating both sides with respect to x, we get

m

V1—x2

or, (1 —x*)y*, = m?cos*(msin~" x) [squaring both sides]

y, = cos(msin™! x)

2 2

o, (1 —x*)y*, =m*—m?sin*(msin™" x) = m* — m?y?
or, (1 —x%)y? +m?y? =m?

Now again differentiating both sides, we get

(1 —x2)2y,y, + (=2x)y% + 2m?yy,; =0

. A2 _ 24, —
. (1 X )yz XY1 +m y O(ShOWGd)
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Agalin differentiating both sides in times by Leibnitz's theorem,

or, L {(1 — x2)y,} — o (xyy) +m2 2 () = 0

dxh

an dnl

or, (1 — x2) 2 (v,) + n(=2x) 2o () + 222 (=2) L2 (37) — x (1) = s (1) + M2y, = O

n(n—-1)

or, (1 — xz)Yn+2 — 2NXYniq — 2Yn — XYn41 — NYn + mz:Vn =0
or, (1 —x*)Yn42 — Cn — Dxypg — (n* —m?)y, =0

(Showed)
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fxercises: \
(i) If Iny = tan"!x then show that,(1 + x?)y,., + @Cnx + 2x — 1)y,,.; + n(n + 1)y, =0

(i) If y = sin{a In(x + b)} then show that ,
(1) (x + b)?y, + (x + b)y; + a’y = 0
(2) (x + b)*yns2 + Cn+ D(x + b)ypss + (n* +a*)y, =0

(iii) If y = eMm0S™" X then, proved that (1 — x2)y,.., — 2n + Dxy,,1 — (n% + m?)y, = 0

(iv) Ify = (x + Vx2 + 1)m then proved that (1 + x?)y,.4., + 2n+ Dxy, .4 + (n?> + m?)y, =0

(V) If y = In(x + Vx2 + a2) then show that,(x% + a?)y,.2 + 2n + Dxy,eq + n?y, =0
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Velocity is the differentiation of displacement with respect to time .

: ds
~ Velocity v = —

Acceleration is the differentiation of velocity with respect to time.

. dv d?
- Acceleration a = — =73

Question:

If the displacement of a particle moving along a straight line atttisiexpressed by
s = 63t — 6t% — t3,then afte2s, find (i) displacement;l() velocity, (iii) acceleration.
Solution:  Givens =63t —6t2—¢3......... (i)
Putting t = 2 at ()

> s =63X%X2-6X%X2%—(2)3

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



=>s =126-24-8
s =94m
-~ After 2s, the particle's displacementod m

Again, the rate of change of displacement with respect to time is velocity.

~.Differentiating both sides of)(with respect ta,

ds _

a 42 .3
=2 (63t — 6t2 — t%)

> v = (63) — = (6t2) — - (%) [+ velocity, v ="]
= v =63 — 12t — 3t ... ... ..... (i)

Placingg = 2 in (i), we get

v =63—12%2 — 3 X 22

= v = 27m/s

= After 2s, the velocity of the particle 187 m/s.
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-~ Differentiating both sides of (ii) with respectto

W-2 (63 — 12t — 3t?)
dt dt

— 2 632 _ A a2y, 4 =@
> a= 2 (63 < (1202 (3?) [+ a=22]

= a=0-12-3(t?)

= a=-—12—-6t

ca=—12+6t)... ... ... (i1 11)
Placingt = 2in (iii), a = —(12 + 12)

~a=—24m/s* (Ans.)
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Critical number:
A critical numberof a functionf is anumberc in the domainoff suchthateitherf ‘(c) = 0 or

f '(c) doesnot exist

Question:

3
Find the critical numbers @) f(x) = x® — 3x% + 1 and(b) f(x)=x5 (4 — x).

Solution:
(a)Given thatf(x) = x3 — 3x%2 + 1
~f1(x) = 3x% — 6x = 3x(x — 2).
Sincef’'(x) exists for all x, the only critical numbers of f occur wiféfx) = 0,
that is,3x(x- 2) =0
>x=00rx = 2.

Thus the critical numberre and?2.
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(b) Given thatf () x5 (4 — x)

() = x% -1+ ¢ —x) (gx—?z>

—5x+3(4—-x)
5 x2/5

12 -8x
~ 5x2/5

For critical pointf '(x) = 0
thatis,12 — 8x =10

andf '(x) does not exist when = 0.

Thus thecritical numbersare% andO.




Increasing Function:

Y
Y!
Thefunctionis increasingn theregionBC. If in BC region,anythreepointsP; (x4, y1),P,(x,,y,) & P;(x3,y;) aretakenand
tangentsaaredrawn,thenthe tangentamakeacuteanglesd,, 8, & 65 with the positivedirectionof x —axisrespectively That
IS, the slopesof thesetangentganf,, tanf, & tanf; areall positive

That is, we can say, the value of % will be positive at points P;(xq,v1),P>(x5,v,) & P;(x3,y3). That is,
ay dy

dx |x=x1 >0, |x =x, >0 & |x =x3 >0

Thatis, the conditionfor anincreasing‘unctionis% > 0.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Note:

If within aninterval,with theincreaseof x, valueof f(x) increasesthatis, f '(x) > 0, thenf(x) is called

anincreasingfunction within thatinterval Thatis, if %> 0, thenthe functionis increasing The tangentat

anydx pointof theincreasingunction makesacuteanglewith the positivedirectionof x-axis

If within anyinterval,with theIncreaseof x, thevalueof f(x) decreaseghatis, f' (x) < 0 thenthefunction

f (x) Is calleda decreasindunctionwithin thatinterval Thatis, if Z—z < 0 thenthefunctionis decreasingThe

tangentatanypoint of thedecreasingunctionmakesanobtuseanglewith the positivedirectionof x-axis
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Decreasing Function:

The Functionis decreasingn region CD in the figure. Now taking any three points P,(x,, v4),Ps (x5, v:) &
P.(x, Ve). In theregionCD, it canbe seenthatthe tangentdrawnat thesepointsto the positivedirectionof x-axis
producesanglesé,,f: & 8. respectivelyeachof which is an obtuseangle Hence,the slopeof the tangentwill be

negative Thatis, % < 0 atpointsP,(xy, y4),Ps(xs, vs) & Pg(xg, Ve)-

Thatlis, In caseof decreasindunction,the conditionis % <0
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) D :
| £ € ¢ ! ; 'G
A 1 5
| _ ' S g -
XE(P | O4x=a x=b Xx=cC x=d x=¢ x=f X=g X
\ 4
YI
The graph of the above function with respect to x —axis:
: : . dy
(a,b) — increasing— Z—i’ > 0 (d,e) — decreasing — < 0
. . . dy
(b, c) — decreasing Z—z <0 (e,f)— Increasing- > 0
: i - dy
(¢, d) — Increasing> Z—z > 0 (f, g)— decreasing~ — <0
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Question:
Find where the functiofi(x) = 3x* — 4x3 — 12x% + 5 is increasing

and where Its decreasing.

Solution:

Given thatf (x) = 3x* — 4x3 — 12x* + 5

“f () =12x3 — 12x% — 24x
=12x(x — 2)(x +1)
For critical pointf '(x) =0
~12x(x — 2)(x +1) =0
=»>x=0,—-1, 2

Now,x = 0,—1, 2 divides all real numbersinto< —1,-1<x<0,0<x<2&x > 2intervals.
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20

Interval {ANAY {AZAY Comment
12x X — 2 f'(x)
x < —1 — — — — Decreasing olf—, —1)
-1 <x <0 — — + + Increasing ori—1,0)
0 < x <2 + — + — Decreasing 010 0, 2 )
x <2 + + + + Increasing or{2 , o)
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Maximum and Minimum:

A function f (x) Is saidto havea maximumfor avalueaof x if f(a) is greaterthanany othervalue
thatthefunctioncanhavein thesmallneighborhoodf x = a.

Similarly, a function f(x) saidto havea minimum for a valuea of x If f(a) is lessthanany other
valuethatthefunctioncanhavein thesmallneighborhoodf x = a.

j‘

Abs. & Rel. Max.
!
Rel. Max. !
!
| |
| !
I I
5I1 | "f ] | "':-" X
| b : d \
I |
: Rel. Min.
Abs. Min.
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Critical Points:

The points on the graph of the function y = f(x) at which the slope of the tangent line is zero

are called Critical Points. The Critical points are obtained by solving % =0i.e. f'(x)=0.

Inflection Points:
The points at which the graph of the function y = f(x) changes its concavity are called Inflection

2
points. The Inflection points are obtained by solving % =0orf""(x)=0.

-Slope\ /

\i%oncave Up
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For the functiony = f(x) we may say that at the point= ¢

Test condition Decision

If f'(c) =0 f'(c) <0 f (x) has maximum value at ¢
If f'(c) =0 f"(c)>0 f (x) has minimum value at C
If f'(c) =0 f"(c)=0 Test is inconclusive
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Question:
Find the Critical points, point of Inflection, maximum and minimum values of the following
functions:

(@) f(x) =4x3—9x? +6x (b)f(x) =2x3—-3x>—-12x (c)f(x) =x>—5x*+5x3—-1

Solution: (3) Givenf (x) = 4x3 — 9x2 + 6x

“f'(x) =12x% —18x + 6 and f""™) = 24x — 18
For maximum and minimum values (that is for critical poinf)x) = 0
= 12x* - 18x+6 =0
=>2x°—3x+1=0

=>02x—1)x—-1)=0

1
>x=-,1
2
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_ 1 (1) _ 1_ 19— _
Atx ==, f"(3)=24x5-18=-6<0

Thereforef (x) has a maximum value at= %

So, the maximum value f(x) at= % IS,

N\ (Y 5 12+6 1\ _4_ 9 ,_4-18+424 5
\z)=*\2 2 2] 8 4 T 8 4

Againatx =1, f''(1) =24x1-18=6 >0

Thereforef (x) has a minimum value at= 1

So, the minimum valug(x) atx = 1isf (1) = 4(1)? —9(1)*+6(1) =1

Again, Inflection points are obtained by solvifig(x) =0 = 24x - 18 =0= x = %

merstoer (2) = 409 () +6(J) =4 -9+ 2=

~Point of inflection is(%,j—;)
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(b) Given thaif (x) = 2x3 — 3x? — 12x
w fl(x) =6x?—6x—12andf" (x) = 12x — 6
For maximum and minimum values (that is for critical poifitg)x) = 0
= 6x°—6x—12=0
>x*—-x—-2=0
>@x-2)(x+1) =0
>x=2—1
At x =-1, f'(2)=-12-6=-18<0

Thereforef (x)has a maximum value at= —1
So, the maximum valug(x) atx = —1isf(—-1) = 2(-1)3 — 3(-1)?-12(-1) = 7.
Againatx = 2, f'(2)=24-6=18>0
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Thereforef (x) has a maximum value at= 2
So, the maximum valug(x) atx = 2is, f(2) = 2(2)% —3(2)? — 12(2) = —-20.

Again, inflection points are obtained by solvifig,(x) = 0

= 12x—-—6=0
=X =~
theretoref (3) = 26’3 (3) - 12(3) =3 -3 -6 =3

~Point of inflection is(%,i—;)

(c) Given, f(x) = x> —5x* + 5x3 — 1
« f'(x) = 5x* — 20x3 + 15x2
= £ (x) = 20x3 — 60x2 + 30x

= f'"(x) = 60x% — 120x + 30
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For maximum and minimum values (that is for critical poinfsjx) = 0
= 5x* — 20x3 + 15x% = 0
= 5x%(x* —4x+3) =0
= 5x?(x*—-3x—x+3)=0
=>x=0,1,3
Now f'"(0) = 0 andf’""(0) = 30 # 0,

Thereforef (x) has no maximum or minimum valuesxat 0, sox = 0 is the saddle
point of f(x)

Again,atx =1, f"(1) =20x13-60%x12+30%x1=-10< 0.
So,f (x) has a maximum or minimum valuesat= 1.

So, the maximum valug(x) atx = 1isf(1) =1-54+5-1=0.
Again, att =3, f"(3) =20x33—-60%x3“4+30x3=90>0
Thereforef (x) has a minimum value at = 3.

So, the minimum valug(x) atx = 3isf(3) =3°>—-5.3*+5.33 -1 =-28
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Question:

An openboxis to bemadefrom a 16 inch by 30 inch pieceof cardboardyy cuttingout squares
of equalsizefrom the four cornersandbendingup the sides What size shouldthe squarese

to obtaina box with thelargestvolume?

Solution:

Let x bethelengthof the squarego be cutoutandV bethevolumeof theresultingbox. As we are
removinga squareof sidex from eachcorner,the resultingbox will havedimensionsl6 — 2x by

30 — 2x by x.
Sincethevolumeof aboxis the productof its dimensionsywe have
V =016 — 2x)(30 — 2x) x
= 4x(8 — x)(15 — x)

= 480x — 92x2 + 4x3
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dv 2 d*v
Now — = 480 — 184x + 12x“ and—, = —184 + 24x
dx dx

) dv
For maximum vaIu%; =0

= 480 — 184x + 12x% = 0
= 4(x — 12)(3x — 10)
= (x—12) (3x—10) =0

s x = 12 andx =?

As x represents a length, it cannot be negative and because the width of the cardid®ard is

. . . 10
Inches, we cannot cutout squares whose sides are mor@itidnes long. Say = 5

2
Atx=130, Z”= 184+24><§=—104<0

x2

) 10 .
Therefore, maximum volume occurs wheg- Y Inches and

' 10 10 10 19600
maximum volume= (16 — 2 X ?) (32 — 2 X ?) X —=—
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Question:

A garden is to be laid out in a rectangular area and protected by a chicken wire fence. What is the
largest possible area of the garden if only 100 running feet of chicken wire is available for the fence?

Solution:
Let x be the length, y be the width and A be the area of the rectangular garden.

ThenA = xyX X X X XN P Do
Since the perimeter of the rectangular garden is 100 ft.,

22X +2y=1002y=50—x . X XXXXXXO0OAAD
Substituting (i) inij
A=x(50—x) =50x —x% ... ccscer et eee enn o (100

2
Differentiating (ii) with respect to x we ha%é = 50 — 2x And % = —2

SettingZ—i = 0 we obtain,50 — 2x =0or, x = 25.

2
a4 0, Thus the maximum occurs at one of the values 25

Since—;
dx

~ Maximum area 25(50 — 25) = 625. Thus, the maximum area is 625* occurs atc = 25
Substitutingx = 251n (i)y = 50 — 25 = 25
So the rectangle of perimeter 100ft with greater area is a square with sides of length 25 ft.
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Exercises:

(1) Findthe maximumand minimumvaluesof the following functions
(a)f(x) = 5x% — 18x> + 15x* — 10
(b) f(x) = 12x°> — 5x* + 40x3 + 6

©)f(x) = x; + ax? — 3a‘x

(d) f(x) =2x3 —6x%—18x + 7
(e) f(x) = 3x* — 20x3 — 6x% + 60x + 15

(1) InaMangoorchard,there are 30 Mangotreesper acreandeachtree yields400 mangoesForan
excesgree peracrethe numberof yieldsreducesby 10. In orderto per maximumyield how many
treesshouldbe there peracre?

(i11) Afarmer cansurroundhisrectangulargardenof maximumareaby an 800ft longbamboofence
Findits Lengthand Width?
(iv) A closed cylindrical can need to be made up with fixed volume. How should we choose the

height and radius to minimize the amount of material needed to manufacture the can?
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Rolle’s Theorem:
[ Sfi0 ©2 V(0 A zZE@EA2 BB IRIANEF §/RA T T S NBW 625UIBv § SO €
LF(@ =01 YRb) =00 KER SN S 12 §182 Ay o KASY (| S&NIB)B 8zOK F'(&) =0 P

1(a) () F(b)

Algebraic Significance:
If f(x) be a polynomialin x and x = a, x = b be two roots of the equation f(x) = 0, then from

Roll eds theorem we find af'(x)-=aledbetwarrea andd.t o f

Geometrical Significance:
From Roll ebds Theorem we-axets att drmgege mptoi mar alcloe
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Question 1:
Verify that thefunctionf(x) =x* —5x+4sat i sfied the hypotheses of F

11,4], and find all values aof in that interval that satisfy the conclusion of the theorem

Solution:
Given the function is as followg,(x) = x? — 5x + 4

Thefunctionfis continuousanddifferentiableeverywherdoecauset is a polynomial In particular,

f is continuouson [1,4]anddifferentiableon(1,4).
Alsof(1)=14—-5%x14+4=0

andf(4) =4*—-5%x4+4=0

So, the hypotheses of Roll e’ d]. Theorem are satil s
Differentiating the given functiofi(x) with respect to x we get

f'(x) =2x —5.
Let c € (1,4) so that f'(c) =2c—5.
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From Rolle's Theorem we haye(c) =0

= 2c—5=0
' —SE 1,4
..c_z ( , )
Soc = g IS a point in the intervdll,4) at whichf'(c) = 0

Question 2:
Verify that thefunctionf(x) = 2x3 +x*—-4x—-2s at i sfi ed the hypotheses

interval|—v2,v2|, and find all values af in that interval that satisfy the conclusion of the theorem

Solution:
Given the function is as follows(x) = 2x3 + x* — 4x — 2

Thefunction f is continuousanddifferentiableeverywherebecausat is a polynomial In particular,f is

continuouson [—v/2,v2| anddifferentiableon (—v2,v2) .
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Also f(—vZ) = 2(—vZ)" + (—V2) —4(—V2) -2 = —4VZ+ 2+ 42 -2 =0
andf(v2) =2(v2) + (V2) —4VZ—2=4V2+2-4V2—-2=0
So, the hypotheses of Roll e[-¥2VBheorem are satisf]i
Differentiating the given functiofi(x) with respect to x we get
f'(x) = 6x%+2x —4

Let c € (—V2,v2) sothat f'(c) = 6¢2+ 2¢ — 4
From Rolle's Theorem we haye(c) = 0

=>6c%+2c—4=0

=>3c°+c—-2=0

=3c?+3c—2c—-2=0

= 3c(c+1)—2(c+1)=0

=(c+1)3c—-2)=0

vc=—1, % € (—V2,V2)
It shows that we get twoin the intervall—v/2,+v/2) at whichf’(c) = 0 .
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Question 3:

Verify that thefunction f(x) = (x—1)(x—2)(x—3)sat i sfi ed t he hypot hese
on the interval1, 3], and find all values af in that interval that satisfy the conclusion of the theorem

Solution:
Given function is as follows,

f)=x—-1Dx—2)(x—3)

Thefunction f Is continuousanddifferentiableeverywheradecausat is a polynomial In particular, f

IS continuouson [1,3] anddifferentiableon (1,3) .
so,f(H)=01-1)A-2)1-3)=0
and f(3)=B3-1)(3—-2)(3—3)=0
“fD) =£(3)
So,thehypothesesf R o | [Theoramaresatisfiedontheinterval|1,3].

We have,

f(x) = (x?* =3x+2)(x — 3)
> f(x)=x3—3x2+2x—3x*+9x—6
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v fx)=x3—6x*+11x—6

Differentiating the given functiofi(x) with respect toc we get,
f'(x) =3x*—12x + 11

Letc € (1,3) so that f'(¢) = 3¢? — 12¢ + 11

From Rolle's Theorem we hav€(c) = 0

= 3¢*—12c+11=0

o= 124V144—4311 _ 12412
R 2.3 6

Taking positive sigre = 2.57 € (1,3) and also taking negative sign= 1.42 € (1,3)
It shows that we get two € (1,3) such that’'(c) = 0.
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Exercise:

Veri fy that the hypotheses of Rolle’s Theor

and find all values of in that interval that satisfy the conclusion of the theorem
(i) f(x) =x3—6x% + 11x — 6;[—/5,V5]

(i) f(x) = x2 + 5x — 6; [—6,1]

(i) f(x) = (x — D(x — 2);[1,2]

(iv) f(x) = x? — 3x + 2;[1,2]
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Mean-Value Theorem:

Let f be continuous on the closed interl@lb| and differentiable on the open interyal b).

Then there is at least one paint (a, b) such thatf'(c) = f(b;:z(a)
Geometrical Significance:
The tangent to the curve at 06c0 I s parallel t

¥
Tangent Line

=
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Question 1:
Verify that the functiorf (x) = x3 — 6x% + 11x — 6 satisfied hypotheses of the Me¥alue Theorem

are on the intervdlD, 4] and find all values of in that interval that satisfy the conclusion of the

theorem.

Solution:
Given function iIs as follows,

f(x) =x3—6x*+11x—6

Thefunction f Is continuousanddifferentiableeverywherebecauset is a polynomial In particular,f
IS continuouson [0,4] anddifferentiableon (0, 4). Sothe hypothesesf the MeanValue Theoremare
satisfiedwith a = 0 andb = 4.
Now f(a) = f(0) =03—6%x044+11X0—6 =—6
andf(b) = f(4) =4>—-6%x44+11x4—-6=6
Heref'(x) = 3x% — 12x + 11. Thereforef'(¢) = 3¢c? — 12c¢ + 11
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From Mean Value Theorem, we haf/éc) = f(b)-1(a)

b—a
—>3c2-12c+11 =0 _12_3
4—-0 4

- —(-12)+/(-12)2 -4 x 3 x8

=
- 2 X3

12+v/144—-96
= C = .

ThusC = 0.845, 3.155 are lying in the interval0, 4)
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Question 1:
Verify that the functiofi(x) = x(x — 1)(x — 2) satisfied hypotheses of the Me"alue Theorem are

on the interval0, 1] and find all values of in that interval that satisfy the conclusion of the theorem.

Solution:
Given function is as follows,

fx)=x(x—1)(x—2)

Thefunction f is continuousanddifferentiableeverywherebecausét is a polynomial In particular,f

IS continuouson [0,1] anddifferentiableon (0, 1). Sothe hypothesesf the MeanValue Theoremare
satisfiedwith a=0andb = 1.
“fla)=f(0)=0.(0—1)(0—-2)=0
Andf(b)=f(1)=11-1)(1-2)=0
Again, we have
flx) =x(x—-1x—2)
flx) = (x*=x)(x—2)
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= f(x) =x3 —x% —2x% — 2x
= f(x) = x3 —3x% —2x

Differentiating the given function f(x) with respect to x we get,
f'(x) =3x*—6x + 2

Letc € (1,3) sothat  f'(¢) = 3¢*—6¢+ 2

From Mean value Theorem we have,

o
o

/ f(1)—£(0)
fllo)=——"5=135=0
= f'(c) =0

=3¢ —6¢c+2=0

6+/36—4.3.2 6++/12
= C = —
2.3 6

Taking positive sign ¢ = 1.57 € (0.1) and also taking negative sign ¢ = 0.42 € (0,1)

f(b)—f(a)

It shows that we get one ¢ € (0,1) such that f'(c) = = —
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Exercise:

Verify that the hypotheses of the Medalue Theorem are satisfied on the given interval,

and find all values of in that interval that satisfy the conclusion of the theorem.
(D) f)=x°—4x; [-21]
(i) f(x)=x3+x-2; [-1,2]
(iii) f(x) = x3 4+ 3x% — 5x; [1,2]

(i) f00) =x(x— 1D —2); [0,
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Concept of Integration

A functionF is calledanantiderivativeof afunction f onagivenopenintervalif F'(x) = f(x) for all x in theinterval

Theprocessf finding antiderivativess calledantidifferentiation or integration. Thus,if % [F(x)] = f(x) - (1)
then integrating (or antidifferentiating) the function f(x)producesan antiderivative of the form F(x) + C. To
emphasizehis processEquation(l) is recastusingintegral notation, | f(x)dx = F(x) + C -+ (2) whereCis
understoodo representn arbitrary constant. It is importantto notethat (1) and (2) are just different notationsto
expresghe samefact
Forexample,[ x?dx = %x?’ +C is equivalentto% Ex?’ + C] = x?

) Integrating

[ £(x) dx = F(x) / L[ f()dx] = £
2 [x2] = 2x \ / Zf @0 dx] = Z[x?] = 2x

Differentiating
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Integrating with respect

Integral Symbol /7 to x

ff(x)dx=F(x)+C ff(x)dx

Constant of

integration

Integrand
(function we want to integrate)
Why «“C» ??7?
Integrating
X2 4+ 4, x2 2y ijdx=x2+C

x4 +100, x*-—6

Differentiating
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Some Important Formulae:

xn*1 8 ) cosxdx = sinx + c S E
1. andX — — + C f 16. fa2+X2 = atan ) + +C
9. [sec’xdx =tanx + c 1 e
2 [ldx=x+c | 17 2 =—In(22) + ¢
10.f cosec”*xdx = —cotx + ¢ )
n . _ (ax+b)ntl 18. | = —In{=—) +¢
3. J(@ax+b)tdx = mrna T C 11.[ secxtanxdx = secx + ¢ Xz_az 23 (X+a)
xVa2—-x2 a? . _q (X
4. [emXdy = ™ . 12. cosecxcotxdx = — cosecx + ¢ 19. [Va? —x?dx = ———+ —sin™* (g) TC
m
13- = sin'x+c 20. [ 29 gy = In|f ()| + ¢
5. faxdx—1—+c V1-x? f(x)
na
dx  _ —l fleo) 5
p fldx=lnx+c 14.f1+x2— tan™ " X + C 21.fmdx—2 f(x)+c
X
S5 -1 [F oI+
7. [ sinxdx = —cosx + ¢ 15.) Yo uc 22 [fQOI™ f'(x)dx = . T C




Evaluate

(i)f3COSXdX (11)f—dx

(i) [ 3cos x dx

=3feosxdx - [feosRdeSSinae]

= 3sinx + ¢
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, 9x _4,
Evaluate f 2sin3x + 4c057 +5x3 4+ 3e 5 |dx

4
f[Z sin3x + 4cos§x +5x3 +3e75 | dx

4
= [sin3x dx+4fcos§x dx+5[x3dx+3[e™s dx

2 4 . 9 5 3
=—3c053x+33m5x+2x4+—4e 57 + ¢
2 5

2 8 . 9 5 15 2
= —2cos3x+=-sin=x+xr*—=e5" +¢
3 9”5 4 4

"
/"':‘\

<2
/72
()
4!
e
v

N/

&



Example 2:

Evaluate (i) [(e* — 5a* + 2) dx (i) fx+2\;/_3+7
Solution:
N XH2VX+7
11 dx
(i) [(e* — 5a* + 2) dx (iD) J NE
_ X 24/x 7
_fexdx—fSaxdx+f2dx zf(\/}+\/§+\/§)dx fexdx=ex+c
=e*—5[a*dx+2[dx 1 1
=€x—5%+2x+C =f(xg+2+7x_5)dx faxdx=a—x+c
Ina
1 1
=fxzdx+f2dx+f7x 2 dx fdx=x+c
x%+1 x_%+1
E tox ! +C n+1
E:l 1_E+1 andX _ X 1
n+1

=x—:+2x+7%+c

2 2

= 2(V)? +2x+ 14yx + C




Type:
yPe [ Integration J

" Definite ‘integration\ . o | | h
3 Indefinite Integration
fxz dx fxz dx

(U ~1 4 (U 4
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Definite Integral

If f(x) is a continuousfunction definedin the interval [a, b] Upper limit of
thenthedefinite integralwith respecto x is definedas, Integration
b / Integral with
ff(x) dx = [F(x)]2 = F(b) — F(a) b / respect to x
: | reoax
Where a and b are called lower and upper limits of integration, ’
respectivel K
P g Lower limit of / - :
- ntegran
Thisformulais knownasNewtonLeibnitz formula [ntegration (function we want
to integrate)
Note:

A The indefinite integral f(x) dx is a function ofc, whereas definite integriclff(x) dx Is a number.
A Given|[ f(x) dx we can findf;9 f(x) dx but givenf: f (x) dx we cannot find[ f(x) dx.
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Integrationcanbe usedto find areasyolumes,centralpointsandmanyusefulthings But it is oftenused
to find thearea under the graph of a function like this:

A A

y y

X a b X
f fx)dx j f(x)dx
Indefinite Integral K
(no specific values Definite Integral
i (from a to I

A UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Properties of Definite integral

D) [, f@dx = = [ f()dx
2) [, fdx = [} f(z)dz

3) [ f(x)dx = [ f(x)dx + [ f(x)dx whena < e < b.

Example: §
Evaluate (i) f_13(6x2 — 5x +2)dx (ii) fOE cos?x dx

Solution:

(i) f_13(6x2 — 5x +2)dx




(2><13+51?2—2><1)—(2x(—3)3+5(_§)2—2x(—3))

=(2+2-2)—(-54+2+6)
5 51
(ii) fogcoszxdx

TT
13 2
= Efoz cos?x dx sin mx

Jeosmxdx =——+c
s eos20

I
N | = N | =
~~
NS
+
%
NS
N
N
N~
I
VY
-
+
W
N‘S
o
N—"
L—
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Method of Substitution:

Integration by substitution, also known assubstitution”, is a technique that simplifies integrals by

making a substitution. The exact substitution depends on the integral's form, but here are some steps y:«
can follow:

Identify the integral in the fornt £ (g(x))g’(x)dx

Substitute the independent variablegés) =t
Differentiate the assumed function with respedat to
Substitute for the dependent variable, such'@s)dx = dt
The resultant integral after substitution becoh¢$t)dt

Solve the integral using basic integration rules

L A o A

Convert the result back to termscoby substitutingd with the original independent variable

If integrandf (x) = g(x). g’ (x) or [g(x)]"g’(x) or e9™).g'(x), T[g(x)].g'(x) or [T( g(x))]™ g'(x) then

substituteg(x) = zandg'(x)dx = dz. Here T means trigonometry function.
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Example:

Evaluate the following indefinite integral

(i) | Cisz(j(c;ii) dx (i) [ x° e'®dx (i) fol x3V1+3x* dx  (iv) [#(tan® x + tan® x) dx
Solution:
. e*(x+1) (i) [ x° e? dx Let %10 =
(l)f cos?(x eX) ax Let,x.e* =z _ fez az |
10 = 10x°dx = dz
— az Then(x.e* + e*.1)dx = dz =1 [e?dz
cos? z %0 = x9dx — dz
— Z - A
= [ sec? z dz = e*(x+ 1)dx =dz =15-¢ TC 10
=— e’ 4 ¢ i(uv)—uﬂ+vd—u
= tanz + ¢ H dx o oax Cax
= tan (xe*) + ¢ % [x"] = nx"~1

[e*dx=e*+c

[ sec’x dx = tanx + ¢
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(iii) J) x3V1 + 3x% dx

. N (2 5 3
i (iv) J#(tan® x + tan® x) dx Let, u = tan x
_ Y dz e L du = sec’ x dx
~ vz 12 = (0 +3.4x3)dx = dz = Jetan® x (1 + tan® x) dx
Limits
1 3 __ dz n
— L[t dz = x>dx =33 = [*tan® xsec?x dx whenx = 0, thenu = 0
Limits
— — fol u3du whenx = %, thenu = 1
114 whenx = 0, thenz = 0
B 1 Z2+1 |
T 121y whenx = 1, thenz = 4 _ [”_4]
o *Jo sec’x —tan’x =1
1 [23/2]4 — %[14 — O] o
— 3 nai.  x°
12| 2] B [xMdx=——+c
1 20,2 3 ’
= — X 3 [42 — 12]
1 7
= 8=
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Some ldeal Integrals

f'(x)
dx = In|f(x)| + ¢
f(x)
Example: 0 )
Evaluate the following indefinite integral (i) [ n(cosm) dx (i1) fo 4_XX2 dx
Solution:
-xn 1 X
(I)f tanx dx (“)fo A—x2 dx Heref(x) = 4 — x*
In(cosx) ) —
Heref (x) = In(cosx) _ (_ 1) fl 2% Andf’'(x) = —2x
_ _f —tanx dx — 5 ) Jo 1%z X
In(cosx) Andf’(x) = —. (—sinx) 1
cO0sx =——[ln|4—x2|](1,
= —In(lncosx) + ¢ 2
= —tanx

= ——{In(4 — 12) - In(4 — 0)}

1 1 3
— —E{lnB — ln4} — —Eln(z)
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Example:

. . . . . . 1 X sec X
Evaluate the following indefinite integral (i) fO — dx (i) | \/1+tanx
Solution:
Lol X Heref(x) = 1 — x* oy [ _sec? x — 1 — 42
0 Jy 7o @ ) = 3 ) T 0% Horef (x) = 1~
X) — —4LX ) —
_ (_1) RN =2V1+tanx+c Andf'(x) = =2x
0 V1-x2

1
= —%[2\/1 — %2

= —(VI—1-vV1-=0}
=1
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[f(x)]"

f [f(X)]n f,(X)dX — ﬁ + C

Example:

T

Evaluate the following indefinite integral (i) | (cot” x + cot® x)dx (i) J2sin” x cos x dx

Solution: §
L
(i) | (cot” x + cot® x)dx _ (1) fOZ st xcosx dx Heref (x) = sinx
Heref(x) = cotx (sim )T+ z
_ 5 2 — Andf'(x) = cosx
kcot> x (cot*x + 1) dx Andf'(x) = — cosec?x a1 LO f
_ 5 2 : z
=Kcot” x cosec“x dx _ % Singx]2
— (— 5 0 (_ 2 : 0
= (—)Kcot> x (—cosec“x) dx _ %{sinSE — sin® 0
__ (cotx)>*t _1
N si1 € 8
_ (cotx)® Iy
6




2

2_2
A [VaZ —x2dx == a2 - +%sin_

Example:
: : C e : -1 d
Evaluate the following indefinite integral (i) [ —=— (i), \/ﬁ
Solution: ] s
| ) §
0/ Dz,
X
= [ dx Y0 [1—(1-2x+x2)
— 4(4—X2) . 1 dx
—J0 J1-(1-x)2
s e 0
X ={sin"1(1-1) —sin™1(0 — 1)}
_1 1z .
2zl | =0+
=—In|=Z | +¢ =~
16 2—X 2
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dx dx dx
ype | ———— [ ]

acos?x+bsin4x+c acos?x+c acos?x+bsin4x

In this casewe will bring tarex in thedenominatarSo,the sirx in denominatowill bedivided by cogx. Sothe numeratorand
denominatomwvill be divided by cogx andthenin the numeratordx will remainin productwith se@x andin the denominator

therewill betarrx.Now, we will taketanx = z andintegrate

dx
Example: f

4cos?x + 9sin?x

: . f dZ
Solution: [ dx — J 43052
dz
4coszx+951n2 = f
_ Z
2 ‘Let 1:anx2 Z 9C+22)
_ f cos sosecexdx = dz 1 dz
4COSZX 951n2 - - 7
cos?x | sinZx 9 (§)2+Z2
1 3 -1 Z
_ sec®xdx =3 X Etan >
— - 3
=—-tan " —+t+¢C
44922 = gtan‘l(z tanx) + ¢
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Type: | (px+ ) dX,f&dX , [(px + q)Vax? + bx + ¢ dx

Vvax?+bx+c

ax2+bx+c

For this kind of integral, we need to follow the following steps sequentially.

Expressing in the form of Comparing theoefficent
d . Then, Integrate
A—(ax*+bx+c)+s = px+gq determine the value ofl & s
Example:

J X+ 5 q
X2 + 4x + 13 .

Solution: d .
Letx+5:7\&(x +4x+13) + s

= x+5=A2x+4)+s

Equating the coefficients of x and constant we get,
1 = 22 and 5=A X4 + s

z}\:— :5—_X4‘+S = S = 3

BARISHAL



X+5 5(2x+4)+3

f X
X2+4x+13 x2+4x+13

_f (2x+4) x + 3f dx

x?2 +4x+13 x2+4+4x+13

= —lnlx2 +4x + 13| + 3.1tan“1 (xTJrz) +c

= —lnlx +4x + 13| + tan™? (x-BI-Z) +c
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Type: In the form of a? + x* & x* + a*

Concept: () If f(x) = a? + x?, then, we will take: = atant

(i) If f(x) = a?— x?, then, we will takec = asin®

(i) If f(x) = x* — a?, then, we will takec = aseco

Example:
j dx
(x% 4+ 9)?
Solution: [
(x%2+49)2
_ + 3sec’0de Suppose, x3tand
- f(3tan29+32)2 = dx = 3sec?6d6
3sec?0 dO

f 92(1+tan40)
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_1 f sec?0 do

(sec%0)?2
_1 tan0
_f - 54 [9 1+tan29] tC
27 Y sec<0
, =—[tan™1 (%) + 3l B
fZ cos?0 do 54 1+_
27>< I |
= tan‘l( ) tvis % +cC
= if(l + cos20) do 54 o+X
54 ; 9 |
= tan‘l( =) + 9+X2 +c
:i[e_l_stG] .
54

1 1 2tan®
= o+ 22|+ o
2 1+tan<0
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Integration by Parts:

If u and v are function of x then
Juvdx =ufvdx— f{%fvdx}dx

Guide linxe for selecting u xand v:x

.. Logoritmic functior{log x,Inx, ...)

' Inverse Trigonometric Functi@Gin=! x,tan" ! x, ...)
A Algebraic Functio®@x, x + 7x,x7>, ...)

12 Trigonometric Functiairos x,secx, ...)

~: Exponential Functidia*, e 4%, ...)

Chooseaus to be the function that comes first in this list
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Example:

Evaluate the following indefinite integral

(i) [ xe* dx (i) | xInx dx (iii) | Inx dx

Solution:

(i) [ xe* d fuvdx=ufvdx—f{%fvdx}dx

- ferare [ fevax) LA T e

.. Logoritmic function
= xe¥ — [1.e¥dx |- Inverse Trigonometric Function
A Algebraic Function
12 Trigonometric Function
wJxe*d= xe*—e*+c ~: Exponential Function

= xe* —e*+c
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(i) [ xlnx dx g
Juvdx =ufvdx— [{— [vdx}dx

BEAICECh i 0

= nx — (L gy _: Logoritmic function
2 X e ' . Inverse Trigonometric Function
_ x_zlnx B lfxdx A Al_gebraic FL_mction |
2 2 1 Trigonometric Function
, , —: Exponential Function

X X
=—Inx——+4c
2 4

2 2
X X
~ | xlnx dx =7lnx L TC
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(iii) [ Inx dx

= [ Inx .1 dx fuvdx=ufvdx—f{%fvdx}dx

NI

.. Logoritmic function

1

= xlnx — f;.xdx ' . Inverse Trigonometric Function
B A . Algebraic Function
= xlnx — [ ldx 1 Trigonometric Function

— xlnx — x + C —: Exponential Function

o [ Inx dx = xlnx — x + ¢
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Special Formula (i) j elaf(x)+ f'(x)]dx = e™f(x) +c

(i) f eX[f(0) + f'(X)] dx = eXf(x) +

Example:

Evaluate the following indefinite integral

(i) [ 5 {5inx + 2} dx (if) [ 20D gy (ifi) [ X (5 gy

(x+1)2 14+cosx

Solution:

Heref(x) = Inx
And f'(x) = -

: 5x l
(i) [ e {5lnx +x} dx 1
=e>*Inx + ¢ _5
a=>5
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(i) [ 0D gy

(x+1)2

Let, = —
f e*{(x? 1)+2}d f(x) (x+X1J511 (x—1).1 d /u vill_u_u%
y) dx \v v
(x—1) 2 = >
= Je {<x+1) (x+1)z}dX (x+1)
= [e*[f(x) + f'(x)]dx
= e* f(x) +c (iii) [ ex(i:::; Let, f(x)= tanE
1+2sin3.cos= f(X) — SeC 2 X
—e” (i 1)+C =Je* ( zCOSZzz 2))dx 2 2

-+ o
= [ eX (tan2 + ~ sec? Z)dx
= [e*[f(x) + f'(x)]dx
=e*f(x)+c

X X
= e tanE+C
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Definite Integral’s Special Properties:

1) [y f(0dx = [y f(a—x)dx.

2) [, f(x)dx =n [ f(x)dx,when f(a+ x) = f(x).

3) fa f(x)dx — Z foaf(x)dx if f(X) LS even function
N - 0 if f(x) is odd function
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Example 1: | Evaluate [ x° (1 — x?) dx

solution:  Leti=[" x° (1 - x?)7 dx

= | = f_zzf(x) dx Wheref(x) = x° (1 — x?%)’
Now, f(—x) = (—x)? {1 — (—x)?}’
— _x9 (1 _ x2)7

= —f()

~ f(x) = x (1 — x*)”is an odd function

a
f (odd function)dx = 0
—a

I:f_zzx9 (1— x%)" dx =0
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(tanx) 2025
(tanx)2025 4+ (cotx)2025

Example 3: Determine the value of |7 dx

T

Solution: Let,I — 2 (tanx)2025 dx (l)

0 (cotx)?925+(tanx)?2025 " =" "°

L el

O T an

_ g (cot x)2025

0 (tanx)?09254(cotx)?025

Now (i) + (ii) we get

T[ 7T
. f? (tanx)?02> ; f? (cotx)20%> ;
X + X
o (cotx)?025 + (tanx)2025 o (tanx)2925+(cotx)?025
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o o7 = f% f% (tanx)2025 N (cot x)2025 I
— Jo |70 (cotx)20254(tanx)2025  (tanx)2925+(cotx)2025

_ fg (tanx)?92>+(cot x)2025
—Jo

(cot x)2025+(tanx)2025

dx

= 2] =f051dx

= 21 =[x]?
= 2] ==
2
= ] ==
4
g (tanx) 2024

T
o dx = —
0 (tanx)2024+(cotx)2024 4
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T xSinx

Example 3: Find the value of dx.

0 1+4cos?x

T xsinx

Solution: Let,/ = | dx....... (i)

0 14cos?x

T (m—x) sin(w—x)
0 1+cos?(m—x) dx

__ 7 (m—x) sin(x) ..
= [, o0 (0 dx.......... (ii)
. .. T 1 sin(x)
Now () + (ii) = 21 = fo 1 +cos2(x) dx Let,cosx = z
B 1 7dz s sinxdx = —dz
bzt Limit:
_ fl dz ]
=T _ 1247 if x=0thenz =1
1 and if x = wthenz = -1

= m[tan~1 z]_1
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= m[tan"1(1) — tan"1(—1)]

=n(=+-)
24 4
T
= 2] = —
22
T
=] =—
, 2
T XSinx T
f 2 dx.=—
0 1+cos<x 4

Example 4:
Find the value q‘g ln(1+x) dx.
Solution: 11 (1+ )
Ltlf . xd Letx = tant
. dx = se® 0d0O
(3 Z In(1+tan®).sec? 0 d6 o
= fo 1+tan2o Limits:
If x =0then0) =tan6 =6 = 0

_ f41n(1+tan9) .sec? 60 d6
—Jo sec?6

If x = 1thenl = tanf = 0 %.:

| UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



= 1= [+In(1+tanB) db ................ (1) =1=In2 [*df — [#*In(1+ tan6) d6

=>|:f011n{1+ tan(%—@)} d6 =1=In2.[0]% —I; From (1)
[ =>2l=In2.(——0
=>I—f4ln 4 () tan }d@ G-0)
1+tan tan9

=2l=Z1In2
4

{
=>I—f4n(1+1 tane) .
(=

1+ tan 6 =>|==1In2
= | = (4] - r1In(1+x) T
I f n 1+tan 0) oo fO 1+x2 dx —g ln 2

= 1= [#{In2 - In(1+ tan6)} db
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Exercise:

Evaluate the following integrals:

) 2025

1 ) f(:% (sinx

(cosx)2025 4 (sinx)2025

dx

n (tanx) 2025

2) fOE 1+(tanx)2025 ax

3) JZ In(sinx) dx

4) [2In(1 + cosx) dx

5) |#In(1 + tanb) do
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Walle’s theorem:

If nIs apositive integetthen

T T

2 i — (2 n
JZsin™x dx = [2cos™ x dx

(n—1n—-3n-"5 53 m . _

_] Seu-SieamyrSUEERRRNE b S when n is even
n—1n—-3 n-5 6 4 2 , b < odd
" g T T whenniso
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Example: Evaluate by | { forsh@ai

T

. > 7
i [2cos” x dx

T

il.  [2cos'x dx

m . g

i, sin®x dx
Solution:

T
. 642 _ 16
I [zcos” x dx = =

0 7531 35

T

L 2 97531 T 63T
il fOZ cosi0x dx = T _63m

108642 2 512

T




Gamma function & Beta function

Gamma function:

Improper integralfooo e *x"1dx, mn > 0is called second Eulerian or gamma function.

It is denoted byI'(n) ,i.e.,I(n) = ["e™x" 'dx, n>0

Beta function:

Proper integraﬂo1 x™ 11 —x)"1dx, m,n > 0is called first Eulerian or beta function.

It is denoted by3(m, n), i.e., B(m,n) = fol x™ 11 —-—x)"1dx, mn>0
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Important Information:

1. I'(1) = 1
2. '(n+ 1) =nl'(n)

3. I'(n + 1) = n!; n positive integer

4 [‘(2):"_2."_4."_6 ........... %.g.%_r(g);nodd

2 2 2 2

m+1 n+1
5f§'m nd_l“(z)l"(z)
. J2sin™x cos™x dx = s

2r ()

6. B(m,n) = L(n,m)




Question 1: Prove that beta function $ymmetrig or prove thaft(m,n) = f(n,m)

Proof:  we knowp(m,n) = [ x™ (1 —x)" tdx e (1)
Letx =1 —1y, theny =1 — x anddx = —dy.

Limits: whenx = 0, theny = 1 and whenx = 1, theny =0

Therefore (1) implies
B(m,n) = [ (1 —y)""1y"~1(~dy)
= — [/ y"1 (1 —y)mLdy

= [yt - y)midy
= p(n,m)
s B(m,n) = B(n,m) (Proved)

or, Hence beta function isymmetric (Proved)
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Question 2:  Prove that (%) = Vr

Proof : Fromthedefinition of Betafunctionwe knowthat,

1
L(m,n) = f xMm 11 —-—x)"Ydx;m>0n>0
0

Puttingm =n = % In this formula we get
11 1 14 14
5 (E’E) =J,xz " (1—x)2 "dx

rQrey) _ (1 -1 Lo _ Imrm
v o x 2(1—x) 2dx sincef(m,n) = T o)

re))2
LOQP o ax

(1) x2(1—-x)2
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Let, x = sin?@ . dx = 2sin8.cos 6 do

Limit: if x = 0thensin’d =0=>0 =0

V[

ifx=1thensi7’129=1:»9:E

fg 2 sin 6.cos 6@

So{T}* = do

0 sin@ cos@

T/2

>{IP = f,7" do

[

>{T(5)}? = 2[6]?
>{rQ¥ =2(5-0)
STQP =n

2T (%) =/ [Proved]
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Question 3:

Proved thalfooo e " dx =

~ | J

Proof :

From the definition of Gamma function we kndogwy) = fooo t"le~tdt

We putt = x“ thendt = 2x dx

Limit: If ¢ = 0thenx = Oandift = cothenx = oo
~ T(n) = fooo(xz)"‘1 e~ 2x dx
or,['(n)=2 fooo x2n=1p=x% gy
Again putting, n% we get,
r (%): 2f000 x%e™*" dx
or,\/m = ZfOOO e~ " dx

foooe‘xzdx = g [Proved]
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Question 3: Evaluate

T/2 .
(). fo sin®x dx (c). fon/z sin®0 cos°6 dx
m/Z 5 4 1 6.
(b). J, " sin>6 cos*6 dx (d). [, x®V1 — xZ dx
Solution: ().
We put, | :fon/z sin®x dx
T LA N
We know tha’[fo2 sin™x cos™x dx = (zrz(m)+n(+§))
2

Here m=6, n=0

T TArE)

1 or®2) T 2r)
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o7 = _ 227" G)TQ) _svaym
2.3.2.1 32
. /2 . ¢ _5_71'
. Jo | sin®xdx =,
(b).
We Put, | —fn/z sin®0 cos*0 do
- m+1, ., n+1
o )
We know thatf > sin™x cos™x dx = zr(’"*"“)

Herem=5, n=4

o [EHrED TR
— 21_,(5+4-+2) — 21.,(%)
_ 2153 g

2550 3

/2 . 8
o [T/? 5in%0 cos*0 dx = -
0 315
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(C).

/2

We Put] = [ " sin®0 cos°0 df

(m+ 1) l_,(n+1

)

We know thatf? sin™x cos™x dx =

m+n+2

2r (T2,

Here m=6, n=5

L FErED _ Iere)
21_,(6+5+2) 2[‘(?)
r).2.1 _ 8

z%ggr(-) 693
fon/z sin®@ cos®0 dx = %
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(d).

We Put,] = fol x6V1 — x2 dx

T

2
o I = j sin®0+/1 — sin26 cos 6d0
0

= [2sin® cos*6 df

_I&)(5)
_ 2F(6+§+2)

_r@rG

2 51
j Sin69\/1 — sin%6 cos 6dO =
0

256

Let x = sin 6 thendx = cos 68d6

Limit:

f x =0then0 =sinfd = 0 =0

And if x = 1 then

. T
= sin 0 = 825
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Determining the area of the area enclosed by a curve in Cartesian coordinates

Area bounded by = f(x) & x —axis within a specific limit:

Y
=)

A
Let the functionf (x) be singlevalued and continuous in the interval [a, b] then the area bounded by the
ordinates ak = a,x = b, the curvey = f(x), and thex-axis is

A:ffydx OrA:f;f(x) dx
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Area bounded by=x f(y) & y—axis within a specific limit:

'Y
X=f()

"X
O

'
Let the functionf (y) be singlevalued and continuous in the interval [a, b] then the area bounded by the

ordinates at¥ a,y = b, the curve x= f(y), and they-axis Is

A= [ xdy or A=[]f()dy
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Area bounded by the two curves = f(x) andy, = g(x)

&

D
Here we shall find the area bounded by the cupyes f(x), v, = g(x) y, = g(x) C
and the ordinates at = a,x = b, that is the area éfBCD. a o
I b
X X
T o=@ .
Area ABCD= Area MNCD—-Area MNBA
_ b b - 5 >
=Jp 90)dx = [ f()dx | v X

= [P[g(x) - f(x)] dx
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Area bounded by the two curves= f(y) andx, = g(y)

y
. =b
Here we shall find the area bounded by the curves f(v),x, = g(y) M sl D
and the ordinates at= a,y = b, that is the area ¢fBCD. N\ .
v >
S —/
I f
Area ABCD= Area MNCD-Area MNBA = S
b b N ; - C
=J, g)dx — [ f(y)dx s y=a
b O X
= [ lg) — f(¥)] dx '
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Example 1: Find the area of the circle’ + y? =9 R

B (0,3)
: dx
Solution:
Theegquationof acircleis x? + y? = 92 which canbewritten as )
3,0)
y2 = 92 — x2 ...yz\/gz_xz (3.0)
Theregionis divided into four partsby x-axis andy-axis If we find the
areaof the first quadrantandthen multiply by 4 we get the total areaof !
thecircle. For thefirst quadranthe limit of x variesfrom O to 3. Thearea
of theshadedegionis ydx
The total area of the circlej = 4f03 V32 — x2 dx
_4[x 32—x2_|_3_2 .1 ({) r VaZI—Z a2
B 2 2 > 5/ [VaZ —x2dx = == X+asin‘1(§)+c
32 2 2 a
) [0 +2sin™1(1) — (0 — 0)]
32

= 4 X = X — = 977 (. Unit
2 2
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Example 2:

Show that thexreaof a region bounded by the parabgla= 4x and the straight line
y = 2x — 4 1S 9 square unit.

Solution: . .
Given the equations are,

Here the curve (1) is symmetrical abotaxs. In (1) its vertex i9(0,0)

Now for the points of intersection, from (2) putting the valug of (1) we
get,

(2x — 4) %= 4x

= 4x%— 20x + 16 =0
= x 2% —5x +4=0

= x-1)x—-4)=0

= x=14
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If x = 1theny = —2. Againifx = 4theny = 4

Hence (1) and (2) intersect at the poinis, — 2) andQ (4, 4) Y
From (1) and (2) let, = %(y +4) and x, = yTZ M Q (4,4)
If A Is the required area therd = Area of PLMQ

= f — x,]dy . .

. )2 L [\ @2)
=1, l;<y+4> -y
4 Y'
=[G +w)-25 i

(5 axa)- o) - (3(Eraxcn) -2
- (12—?)—(—3 +2)

= 9 sq. unit
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Example 3:

Find the area bounded by the curves 4axandx? = 4ay

Solution:

Given equations are,
v2= 4 ax (Lh.. . ...
X?= 4ay (2)......
Here the curve (1) is symmetrical about thaxxs and the curve (2) iIs symmetrical about traexis.

For the points of intersection, from (2) putting the value of y in (1) we get,

() =t

= 4ax
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= x* = 64a3x

= x(x3 —64a%) =0

= x(x —4a)(x* + 4ax + 16a*) = 0
= X =0, 4a.

If x=0theny =0 andxf = 4atheny = 4a

Hence the two curves intersect at the poirits0, 0) and A(4a, 4a).
2

Lety, = +4ax andy, = Z—a

4
~Area= | “(yy —vy)dx

= f‘*“< Vaax — D)dx

14a
3

2\/_ E__ X

3

40

= {2va- & (402 - - (4} - 0 - 0)

16a?

sq.unit
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Exercise:

1) CA W RSNB B KA NIDX BB 2 6 O
(Dx*+y%2 =4 (i)x% + y* = 16
2) CA ¥ RSNB B dzy R & RGNS SraE y R
3) / NB FLINGR 0 KSKYV O 2T AG/SRKISNEB FNS 33 2 92y &R 8 R 2
O dzNIDYWHR2 IA@E ARYSTF MWAIISSE NI f & ¢
4) Find the area of the region bounded aboveyby: x* + 1, bounded below by =

'n &

x and bounded on the sides hy= 0 andx = 1.
5) CAVRSNBEKSE {f ALV 2 6 O

2 2
(D4x? + 92 = 36 (u) alig y— — 1

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Area bounded by the polar curves:

B 0

If /(6)Is a single valued continuous functionéoin the interval|«, /] and the

area bounded by the curve= f(6) and the radii vector$ = o« andd = f is

denoted by A theh = lfﬁ re do
2va
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Example 1:
Find the area of a cardioid= a(1 + cos#@)

Solution: v
Given thatr = a(1 + cos6) 0 = g
Since putting—# for 8 in (1) , the equation remains unchanged,
so the curve is symmetrical about the initial line.
0=m
If r = 0 thena(l + cosf) = 0 X 0=-m O 0— 0o "X
= 1 4+ cosf = 0

= cosf@ = —1 = cos(+n)

= 0 = +m.
Since the cardioid lies betweeA = —m and 6 = . So, the
limits of @ are fromO0tG 2 ~ F2NJ UKS dzLJLISNI KI £ F é’w OF NRAZARO®
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If Alis the area of cardioid ther = 2 f:%rz do

= [ a?(1+ cos6)? db

= 4q* fon cos4§d9
We putg =1 then%d@ =dt= df = 2dt
Limits: If 6 = 0 thent=0andIf® = =« thentzg
* A =4a%2 [2cos*t dt

[ usingw a | kheotes)
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Example 2:

Find the area of the cardioid= 1 — sin 6 4
Solution: .
|l
The given equationis = 1 —sinf - (1) N
The region is divided into two parts. So, the region iIs symmetric 0=0 >
. O
about yaxis.

Puttingr =0in (1) wegetl —sinf =0 =sinf =1

m 3T
9=
T 5T °l'=’ | h
Therefore, the cardioid situated between theéPinzeE andf = ~ I
m v

So, the left half of the cardioid situated between theéliﬁ:eg andd
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The total area of the cardioid is= 2 [,* %rzde
2

31
= [* (1 —sin6)?d6
2

31

= fg(l — 2sin @ + sin”* 0)do
2

31
B _ . l . D
[ (1 2sinf +>2sin 9) do
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{1—25in9 -I-%(l—COSZQ)}dQ

1

S

. 3

= Jn (E—Zsinﬁ—%cosze)de
2

> |

37
sin 20 1 2
T

= EH+26059—

2

=2xZ+0-0 -2xZ-0-0]
2 2 2 2
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Exercise:

1. Find the area of a cardioid » = a(1 — cosf)

2. Find the area of the cardioid » = a(1 + sin ).

3. Findthe areaofacardioid r = 1+ cos@

4. Find the area of a loop of the curve r* = a* cos 26. Also find the area of all

loops of the curve
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THE END ¢

THANK YOU

FOR YOU ATTENTION
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