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Review

o) =[x(t) y(©) z(0)]

0<t<I1
x()=at’ +bt’+ct+d.

. 3 2
y()=at +bit +ct+d,

z(t)=at’ +bt’ +ct+d,
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Review

0t =[x(®) »(@) z(®)]

=T eC
a. a, a, |
b. b, b
N
c, ¢, c
d, d, d,

9
- e
A
LY
'\ ' August 8, 2025 3



— e >
N
LN
LN :

Review

£.00)=01)- {% SORE0 d%z(t)}
=[x'@) »y(@© 2@
x'(t)=3a.t’ +2b t+c,
y'(t)=3a,t"+2bt+c,

z'(t)=3a.t’ +2b.t+c,
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Review

d ' — i i iZ
ZQUPQ(Z‘)—[ S0 () (t)}
:iT.C:[%z 2t 1 O]OC

dt

= [3axt2 +2b.t+c, 3ayt2 +2bt+c, 3a,t’ +2bt+ cz]
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Review

0N =[x(t) y(@) z()]=TeMeG

G, i 81, 8i:
G, | |8 &y &
G, - 83 83, &8s
G| [ 8u &4y 84|
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Review

x(t) = (m11t3 +m21t2 +myt+my)eg, +
(m12t3 + mzztz +myt+my,)eg, +
(m13t3 ""’77231‘2 +myt+my)e g, +
(m14t3 + m24t2 +myt+my)eg,,

()= (m11t3 +m21t2 +myt+my,) °g, T
(m12t3 +m22t2 +m32t+m42)0g2y +
(m13l‘3 +m23t2 +m33t+m43).g3y +
(’”142‘3 + mz4t2 + Myt +my,) ® 84y

z(t) = (m“t3 +m21t2 +myt+m,)eg, +
(m1213 + m22t2 +myt+my,)e g, +
(m13t3 ""7723t2 +myt+my)e g, +

3 2
(myt” +myt” +myt+my,)e g,
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Review

m Blending function
(also called ‘Basis’ function)

B=TeM
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Hermite Curves

m Find the equation of the curve based
on the curve endpoints P1, P4 and the
endpoint slope R1, R4.
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o) =[x(t) y©) z(0)]

o
~—

August 8, 2025



Hermite Curves

Ot)=[x(t) y(t) z(®)]=TeM, G,

x()=at’+bt’ +ct+d,

=TeM, G, =[t3 t? ot 1]-MH G,
y(t)y=a’ +bt* +c t+d,

=TeM, G, =| ©* 1 oM, G,
z(t)=at’ +bt’ +ct+d,

=TeM, G, :[t3 t* ¢ l]oMH G,
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Hermite Curves

S
~
S
~
II
I

0 0 0 1o, eG,
y(O)= =10 0 0 1eM, G,
0 0 0 1JeM, G,

(W]
~
S
~
II
|l

00)=P=[0 0 0 1]eM, G,
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Hermite Curves

(=P, =[1 1 1 1eM, G,
yO)=P, =l 1 1 1JeM, G,
=P, =[l 1 1 1|eM, G,

oM =P =[1 1 1 1JeM, G,




Hermite Curves
%Q(t)=Q'(t) o)y 20)]= —T-M *Gy

x'(t)=3a t’+2bt+c,

:%T.MH.GH)C:[y2 2 1 0JeM, G,
V' (t)=3a,t"+2bt+c,
d 2
=S TeM, e G, =* 2t 1 0leM, G,
Z'(t)=3a,t’ +2b.t+c,
d

:ET’MH‘GHZ :[3t2 2t

August 8, 2025
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Hermite Curves

X'(0)=R,=[0 0 1 0led, G,
Y'(©)=R,=[0 0 1 0eM, G,
2(0)=R_=[0 0 1 0JeM, G,

Q'(O):R1:[O 0 1 O].MH‘GH




Hermite Curves

¥(D=R, =3 2 1 0JeM, G,
y'(l):R4y:|:3 2 1 O].MH.GHy
Z’()=R,.=[3 2 1 0JeM, G,

Q'(1)2R4:[3 2 1 O].MH.GH
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2 -2 1 1
-3 3 -2 -1

M, =
0 0 1 0
1 0 0 0
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Hermite Curves

O =[x(t) ¥(t) z(t)|=TeM, G,

2 -2 1 1]|BA B, B,
— -2 - P P, P
_ [t3 tz / 1]. 3 3 2 1 o 4 x 4y 4z
O O O Rlx Rly Rlz
B 1 0 O O _ _R4x R4y R4z_
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Hermite Curves

Q(t):T.MH.GH :BH.GH

fa-Riiav

:[2t3—3t2+1 =28 +38° £ -2t +¢ t3—t2]0

~

—_

R

| 4

=26 =3 + )P + (=26 + 3t )P, +( =2t> +)R, + (£’ —t°)R,
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Hermite Curve

B, =20 =3 +1 -2 43 £ -2+t £ -]
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Hermite Curve

P P,

P P

G |4 G, = 7
H1 R H?2 kR4
_R4_ L R7 N

G' continuity,k >0
C' continuity,k =1
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Hermite Curve

m Reduce 6 multiplies and 3 additions to
3 multiplies and 3 additions.

f()=at’ +bt’ +ct+d
=(at+b)t+c)t+d
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Bezier Curves

m Find the equation of the curve using
the curve endpoints P1, P4 and the
control points P2, P3

m The slope of the curve endpoint is

R =0'(0)=3(P,-P)
R=Q'(M=3(K-P) /& N\, .1\,
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Bezier Curves

R =08(P,~P)
R,=08(P,~P,)

B, =(0,0), R, = (1,0), £, =(2,0), P, = (3,0)

P,~B =R =R,=(30)
0=3

e
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Bezier Curves

O0)=TeM, G,

=ToM, e(M,,¢G,)
=To(M,oM,,)eG,
—TeM,eG,

MB:MH.MHB
(2 -2 1 1][1 0 0 O]
-3 3 =2 —-1|]l0 0 0 1
o 0o 1 ofl=33 0 o0
‘1 0 0 O0]|0 0 -3 3]
(-1 3 -3 1
|3 -6 3 0
-3 3 0

August 8, 2025 _1 0 0 0_ 28




Bezier Curves

Q(t):T.MB.GB :BB.GB

—1 3 -3 1 })lx })ly })lz

— P P P

:[f3 tz / 1]. 3 6 3 O o 2x 2y 2z
-3 3 0 0 P3x P3y P32

1 0 o0 o] | B, P

=(1-1t’P+3t(1—t)°P, +3t*(1-1)P, +1’P,
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Bezier Curves

B, =|-£+3-3t+1 3 -62+3t -3+3 1]
=[(1—t)3 3t(1-1t)> 3t°(1—1¢) t3]
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Bezier Curves

m Define n as the order of Bezier curves.

m Define /as control point.
B, ,(t)=C(n,i)e ' o(1—1)""
n!

" Kl(n—h)!

0()=YB,,(O)P

C(n,k)

— Zn: C(I/l,l) ® ui ° (1 _ t)n—i

oy
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Bezier Curves

03(t)— o/ o(l- 030—(1 t)

O' 3'

13(1)— ot o(1-1)" =3t(1-1)°

1le2!
3!

2le]!
v

ot’o(l1—1)" =3t"(1-1¢)

B2,3 (t) —

August 8, 2025
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Bezier Curves

Ot)=(1-t) e P, +3t(1—-1t)’ e P +3t*(1—t)e P, +1 o P,

k,
P
=[(1—zf)3 3t(1—1)* 3£2(1-1) t3]o 1
F,
|5
-1 3 -3 1| [P
=[t3 2 1]. 3 -6 3 O.P1
-3 3 0 0| |P
1 0 0 0] |PR
:T.MB.GB
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Bezier Curves

m Linear Bezier splines
Control points: £, A,
=1- P,y

P(t)= B+ (B =Rt =(1-OF, +1R *
0<r<I /1-1:)
*P(t)
/

Py <t=0 Fig 1

) i Y /5 z‘"
)‘t
- 4
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Bezier Curves

m Quadratic Bezier splines
Control points: A, P, A

B =F+(B-PR)t=01-)F +P,
B =B +(P-R)t=(-0R +1F,

0<t<1

)‘t
- N
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Bezier Curves

m Quadratic Bezier splines
Control points: A, P, A
P(t)=F +(R - Rt
=(1-1)R,' +1P,
=(1-0lA-0R +1R|+i|(1-0)P, +1P)]
=(1-1)’P,+2t(1-1t)P +1’P,

)‘t
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Bezier Curves

m Cubic Bezier splines

Control points: £, P, P, P3
P'=P +(P—-P)t=(1—-1)P,+tP
B'=PB+(P,—B)t=(1-1)P +P,
F, =B, +(B—B)t=(1-)P, +1P,
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Bezier Curves

m Cubic Bezier splines
Control points: £, P, P, P3

P’=P' +(P' -P)t=(1-1)P, +tP’
=(1-0)[(1-0)F, +B]+e(1-1)P +P,]
=(1-1)’P, +2t(1-1t)P +1’P,

R =R +(P -P)t=(-0R +tP,
=(1-0|(1-0R+P|+i|(1-0P,+B]

f"%’ =(1-1)’P+2t(1-1)P, +1*P,

7
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P(t)= P +(P =Pt
=(1-0)B, +tPB’
—(1-)|1-1P, + 261~ )P + 2P, |+

t[(l—t)ZP1 +2t(1-1)P, +t2P3: ,
=(1-1t)’ P, +3t(1—1t)°P +3t’(1-t)P, +'P,
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Bezier Curves

P(t)=(1-t)’P, +3t(1-t)’P +3t°(1-1)P, +1’P,

I
P
=[(1—t)3 3t(1-1)* 32(1-1) t3]0 1
F,
B
—1 3 -3 1] |B,
— P
:[t3 t2t1]03 630’1x
3 3 0 0| |P,
1 0 0] _P3x
:T.MB.GB

A
LY
. :

August 8, 2025

< = <

59~ BN - i e v

<

40

N N N

59~ BNS - B e v

N




Bezier Curves

m  http://www.ibiblio.org/e-notes/Splines/Bezier.htm
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Spline

m Natural cubic spline
m CO, Cl, C? continuous.

m Interpolates(passes through) the control
points.

= Moving any one control point affects the
entire curve.
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Spline

m B-spline
m |Local control.

m Moving a control point affects only a
small part of a curve.

m Do not interpolate their control points.

m Sharing control points between
segments.
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B-spline

m m+1 control points P, ..., Pm, m=3
m m-2 curve segments Qs3, Q4, ..., Qm

m For each i>4, there is a join point or
knot between Qi1 and Qi at the
parameter value &. :

)‘t
)\
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B-spline

B, (t)=1t <t<t,,
B, (¢) = 0,0therwise

[—t. [ —t
Bi,d(t): l Bi,d—l(t)_l_ L

ti+d—1 - ti ti+d - ti+1

Bz’+1,d—1 (t)

O@)=F ;0B ,,(t)+F B, ,()+
E. 5, 1)+ L eB, ()

A
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B-spline

l
Bi,2 (t) —

Bs(0) =~

Bi,4 (t) —

— e >
N
LN
LN :

August 8, 2025

_ ti ti _
B, (1) +—"2 11 (0
i+l _ti ti+2 _ti+1
[ — t tl. —{
Bi,z (£)+ = i+1,2 (¢)
z+2 ti ti+3 _ti+1
; —{
Bi,3 (£)+ = i+1,3 (¢)
i+3 _tz‘ ti+4 _ti+1
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" Uniform Nonrational B-spline

m 'Uniform” means that the knots are
spaced at equal intervals of the
parameter £

m ‘Nonrational” is used to distinguish
these splines from rational cubic
polynomial curves, see Section 11.2.5

m \We assume that £=0 and the interval

6" $oe ZI- +1= ZI- — 1
A
@ August 8, 2025 47
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O, ()=T, e M .GBSZ-Dti S1<ti,,

_3_3_
P
GB. _ i—2 :
R
R
1
1| 3
M, ==
Bs 6 _3
1

3<i<m
3 -3
-6 3
0 3
4 1

o o o =

" Uniform Nonrational B-spline
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4
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L3731 30-60+4 =32 +37+3t+1 7]

:(l—t)3 3 —6t7+4 =3 +3t7 +3t+1 t3],O£t<1.

49
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OQ)=T, oM, oGy
— BBs ¢ GBSi — BBS_3 ¢ B—3 + BBS_2 ¢ B—z + BBS_l ¢ Pi—l + BBSO ¢ Pz

3 3 g2 243 2 3
:(1 t) B_3+3t 6t +43_z+ 3t + 3¢ +3t+1}3_1+t—Pl.
6 6 6 6

L <t<t,_,

A\
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\\\
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&

l.(
l. (
1
i )

a
dt %l
d )
d—2 z+1): d
% x, (¢ Zx
i+ t 1+
1) ::;’—2 l(ti+1)
2
i+1(tz’ )
+1




&

i lt—t,=1
d d
E Xi |t—ti=1: E Xisl |t—ti+1=0
d’ d’
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. 2 .3 3 g2 143 2

Q,.(t—tl.)zl 3t+63t t Pi_3+3t Zt +4P,-_z+ 3t +3; +3r+1 i1+%Pi
2 2 2 2

O'(t-1)= 3+66t 3t B_3+9t 612tB2+ Ot ;6t+331+3; P

6— 61 18¢—12 —18¢+6 6t
"t—t)=——P , + P+ P . +—P

Qz ( l) 6 -3 6 i—2 6 i—1 6 I

=(1-0)P ;+@Bt-2)P ,+(3t+1)P_ +tP
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1-3t+3t>—¢ 3t — 61> +4 —3 +3t7 +3t+1 t
Qi+1 (t o ti+1) — 6 Pz‘—2 + 6 Pi—l + 6 i + EPHI
, ~3+6¢-3¢ 9t —12¢ ~9t* +6t+3 3¢t
Qz‘+1 (t _ti+1) — 6 B—2 + 6 B—l + 6 })z + ?BH
. 6— 61 18 —12 —18t+6 _ 6t
Qi+1 (t_tm):?f;—z"' 6 B—1+ 6 B"'ZBH

=(1=0F, +Qt=2)F  + (3t + DB +1F,,

‘ i " /" i"'
)‘t
- 4
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Uniform Nonrational B-spline|' 5]

Xi |r—r,.:1: Xivl |z—zl.+1 =010 =0,,(0)= l 6

d d - Pi—2 + Pz
—X. =0.(D=0. .(0)= = =
dt l |t t -1 Cl’t l+1 |t—ti+1—0 Qz( ) Qz+1( ) 2

dZ d2

dtz |t t=1 dt2 > Nin |t £, =0 Q (1) Qi+1 (O) — B—2x _ZB—lx +Bx

)‘t
. 4
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&

m The curve can be forced to be
interpolate specific points by replicating
control points.

F,=F,=F,
O()=DBy ;8F 3 +(By, , + By +Bp)eF,
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Nonuniform Nonrational
B-spline
m Parameter interval between successive

knot values need not be uniform.

m Blending functions are no longer the
same for each interval.

m Continuity at selected join points can
be reduced from C? to C! to C° to none.

s When the curve is C9, the curve
interpolates a control point.
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= ‘5(
A
LY
'\ ' August 8, 2025 57




Nonuniform Nonrational
B-spline

m If the continuity is reduced to C9, then
the curve interpolates a control point,
but without the undesirable effect of
uniform B-splines, where the curve
segments on either side of the

interpolated control point are straight
lines.
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Nonuniform Nonrational
B-spline
m m+1 control points P,, Py, ..., P,

m nondecreasing sequence of knot values
P P S
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Nonuniform Nonrational
B-spline

4 5,0 B, »() 8, 5 B, 4
ty=0
> By (=0
(=0 \ 8, =0 B, 50=0
/ B, ,=0 : By 4=
=07
1
\ By ,0=| 7
/ B, ( 1
2,1
i 0 gl Tf g
=0 =
: \ By, 0= 1
Y 5
N\ 0 Tl
B3 40= B, (0= —
rd 1%
/‘/' B
=1 8, ,0)= > 1
% 2,4 2 ]
O
\ 8, . 0 Al
H Zal B, 4= S e
a T
\ 1
B. .()=0 B, 0= 2
/ 5.1 3,4
_— S 0\1.,{
6 B, 4(t)=0 L—
Bs, =0
t,=1
60
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Nonuniform Rational
Cubic Polynomial Curve

XQ) YO 70
X(f)—W(t),y(t) V() (¢) (o)

o =[Xt) Y@t) Z@t) W)
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Nonuniform Rational
Cubic Polynomial Curve

m Advantages

m They are invariant under rotation,
scaling, translation and perspective
transformations of the control points.

m They can define precisely and of the
conic sections.
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Subdividing Curves

m Bezier Curve

L,=(R+B)/2
H=(P,+P)/2
L,=(L,+H)/2
R,=(P,+P)/2
R,=(H+R,)/2
L =R =(L,+R)/2

)‘t
- N
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Subdividing Curves

m Uniform B-spline Curve
= Doubling: /. R,.P,B,5,5, P, F

m Do & subdivision steps

(for k~~-degree B-spline)

R+R , B+P , B+P

P()a 2 7P19 2 9P29 2 9P3
3P +P P,+3P 3P+P, P+3P, 3P,+P, P,+3P,
4 4 7 4 7 4 7 4 7 4

B+P R+6R+P, R+P, R+6F+P P+PF

) 2 > 8 2 7 8 2
C"‘»<

Q
(\.

August 8, 2025 65




0p
|
Y 29 10 2 9.7
W AT K W Ar AT
D ) o o o — o — <t
C S - O — \O
MJ <t © I — O —
N —— _4 — - - — ()
O m— s —Te
V I [
) 2 2
Ra -
o

.S o
u N Q K
S I [

& &

S R

O
O

August 8, 2025

N\ .
’

N o 4

N4



Conversion

ToeM,eG,=TeM, oG,
M,eG,=M, oG,
M2_1°M2'G2 :Gz :MZ_I.MI.GI
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Conversion

T.MB.GB :T.MBS.GBS

1 4 1 0
G, =M, oM, oG, =10 * 2 g
B B Bs Bs 6 O 2 4 O Bs
01 4 1
6 -7 2 0
G, =M, ‘oM, oG, = 0 2 -10 oG
Bs Bs B B O _1 2 O B
0 2 -7 6]

A
LN
LN :
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Comparison

TABLE 11.2 COMPARISOM OF SEVEN DIFFERENT FORMS OF PARAMETRIC CUBIC CURVES

Ln mly
Liniform shaped PMecmunelorm
ermil B B-spllir 3 | ime Cat I-Riom K ek~ ariel
wiex bl %) iy e \ B -
of i {11
ol
1 1 MO . 1
P
Ll b i I ' |
il oo
poimis
| i | Eiest W | N \
bulivi 1
1L [
[BF| L i} 1
I o] 1
! (1| N] [
1 i
] 2 i
1
nll
] il
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Parametric Bicubic Surfaces |9

»-.

Ot)y=TeMeG

O(s)=SeMeG
Gi(1) |

O(s,t)=SeMeG(t)=SeMe &)
G;(2)
G,(0)_
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»-.

G(t)=ToeMeG =TeMe

Ei4
:TQMO[gl.l g, 8 gi4]T
Gi(t)T = [gil g &3 gi4].MT 7

.y
s,
\
L
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QMTOTT

_gn g iz i
O(s.6)=SeM e 8y &En 8 8u
31 8n L33 834
1 8u1 82 843 Su_
=SeMeGeM" eT" 0<5,1<1.
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~ Parametric Bicubic Surfaces |S];

>

x(s,H)=SeMeG oM  oT'
V(s,t)y=SeMeG oM oT"
2(s,))=SeMeG. oM  oT"
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Hermite Surfaces

x(s,t)=SoM, oG, ()
RAGY

£ (1)
R, (1)

R, ],

:S.MH.

L
I,
Y
L
’*\ ' August 8, 2025 7
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Ex(t):T.MH ¢

R, (t)=TeM,e

August 8, 2025

g
812
813
814

_831

832
833

834

’Rlx(t):T.MH.

R, (t)=ToeM, e
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Hermite Surfaces

[R(t) P() R(t) R()] =TeM, G}

R(1) ]
£ (1)
R (1)

| R,(2)_
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Hermite Surfaces

X(s,t)=SeM, oG, oM, oT"
y(s,t)=SeM, G, oM, oT"
z(s,t)=SeM, oG, oM, oT"
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Normals to Surfaces
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Normals to Surfaces
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